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Summary 

Nesting problems have been present for as long as mankind exists. Present days these 
problems occur in many different industries, e.g. textile, paper, wood, metal and glass 
industry. These industries produce massive amounts of products to answer the global 
demand. To minimize the material waste making these products, a good cutting and 
packing layout is beneficial. The last three decades, researchers have focused on de-
veloping methods to solve these problems through computing, instead of solving 
them manually. Many possible solutions have been found, each method focusing on 
the specifications of the problem.  
This thesis had two sub-objectives. The first one was to find the best method for 

nesting optimization, by doing an intensive literature study. The second sub-objective 
was to work with a previous made program that is capable of doing optimization 
tests, containing a nesting optimization method, and try to improve this method to 
get better results, using the literature study. At a certain point in this project, based on 
the progress of the literature study and knowledge acquired on the in-house devel-
oped program, a decision had to be made either to continue with the previous devel-
oped method or to try a new method.  
A lot of ideas from the literature where used and implemented to improve the 

method leading to improving results. Hence, the choice was made to continue work-
ing with the previous developed method. A new placement strategy was introduced in 
the program. Additional program code to improve stencil evaluation was added. A 
proper user interface was created.  
At the end of this project, a nesting optimization method was obtained, capable of 

producing a feasible solution when solving a nesting problem, within a reasonable 
amount of time. 
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Symbols and glossary 

ACS Ant Colony System algorithm. A global optimization algo-

rithm, based on the way ants gather food and notice their 

fellow ants. See section 2.3.5. Also known as Ant Algo-

rithms (AA) 

CP Cutting and Packing. Overlapping name for all the cutting 

and packing problems in 1-, 2- and 3-dimension. See sec-

tion 1.1.  

CR One of the control parameters used in DE, responsible 

for the evolution of parameters. It is called the Cross-over 

Rate. See section 2.3.2.  

DE Differential Evolution. A global optimization algorithm that 

slightly differs from GA’s. It is used as algorithm in this 

project. See section 2.3.2 for more details.  

F One of the control parameters used in DE, responsible 

for the weight how the parameters evolve. It is called the 

mutation scale factor.  

GA  Genetic Algorithm. A global optimization algorithm that 

follows the laws of nature, survival of the fittest, to solve 

an optimization problem. See section 2.3.1. 

ICH Iterative Constructive Heuristic. A nesting optimization strat-

egy that builds a new layout for every iteration. See sec-

tion 2.6.1.  

NP A parameter containing the population in DE. See section 

2.3.2.  

ODP Open Dimension Problem. Optimization problem in which 

one dimension is variable. In the 2-D nesting problem, 

the width of a sheet is fixed and the sheet length is vari-

able. See section 1.2.  

SA Simulated Annealing. A global optimization algorithm, algo-

rithm based on the simulation of the cooling of material 

in a heat bath, which is a process called annealing. See 

section 2.3.3.  



 x 

 

SOL Search Over Layout. A nesting optimization strategy that 

improves a given layout by changing the position of 

pieces or swapping them. See section 2.6.2.  

TS Tabu Search. A global optimization algorithm, that, with 

the use of a memory called the Tabu list, searches for the 

optimal value in the search space. See section 2.3.4.  
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1 Introduction 

The nesting problem is part of a general overlapping class of combinatorial optimiza-
tion problems called Cutting and Packing problems. Cutting and Packing problems 
have been present for as long as mankind exists. Present days these problems occur in 
many different industries, e.g. textile, paper, wood, metal and glass industry. These 
industries produce massive amounts of products to answer the global demand. To 
minimize the material waste making these products, a good cutting and packing layout 
is beneficial. The last three decades, researchers have focused on developing methods 
to solve these problems through computing, instead of solving them manually. Many 
possible solutions have been found, each method focusing on the specifications of the 
problem.  

1.1 Cutting and Packing problems 

Cutting and Packing problems consist of two main branches. One is making decisions 
on which items to produce and from which big item. This is a hard combinatorial 
problem. The other branch is the specific geometry of the small items that have to be 
cut. These two branches are combined and the solution must be feasible from quanti-
tative point of view, which refers to the minimum or maximum amount of small and 
big pieces, and the geometrical point of view, which refers to placement of the pieces 
so that there is no overlap between the small pieces themselves and no overlap be-
tween the small pieces and the big piece. 
There are many Cutting and Packing problems. They are divided in several groups 

of 1 dimensional, 2 dimensional, 3 dimensional and n-dimensional problems. In a 1 
dimensional problem, the width of the piece to cut out is equal to the width of the 
stock, so only the length is to be determined. In a 2 dimensional problem the stock 
has a fixed width and an infinite or constrained length. In literature, if the stock has an 
infinite length, it is also known as a 2-D strip packing problem. If the stock length is 
fixed, it is called a 2-D bin packing problem. An example of a 2-D strip packing prob-
lem can be found in the clothing industry. The stock is a roll of fabric that can be 
considered to have an infinite length. The goal is to cut out the pieces as close as pos-
sible to get as less material waste as possible. An example of a 2-D bin packing prob-
lem is cutting out wooden pieces from a plank, with a fixed length. Here the goal is to 
minimize the amount of used planks. When cutting out small and few pieces, the 
plank can also be considered as infinity, so the problem can be solved as a 2 dimen-
sional strip packing problem. In a 3 dimensional problem, 2 dimensions are fixed and 
one is infinity or fixed. An example of this is loading boxes in a container.  N-
dimensional problems rarely occur in cutting and packing problems. These problems 
can again be divided in several groups, for instance according to the shape of the 
pieces, which can be regular or irregular. 
For a more detailed classification of Cutting and Packing problems, see Dyckhoff 

[1] for a topology and Wäscher et al [2] for an improved topology. Additional infor-
mation and benchmark problems can be found online on the ESICUP (EURO Spe-
cial Interest Group on Cutting and Packing) website [3].  
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1.2 2-Dimensional Irregular Packing  

This research focuses on optimizing the layout for irregular pieces cut out from a 
metal sheet, used in the car industry. This nesting problem is also known as the 2-
dimensional irregular bin packing problem, see Figure 1, or 2-dimensional irregular 
open dimension problems (2D irregular ODP) by Wäscher et al [2], the compaction 
problem by Li and Milenkovic [4], the marker making problem [5], or combinations 
of these terms. Open dimension problem refers to the dimensions of the sheet: one 
dimension is fixed (the width W) and one dimension varies (the length L). It is benefi-
cial, given a certain sheet with a certain width and a defined set of pieces, also called 
stencils, to minimize the length of the sheet in order to minimize the material waste.  
For the nesting problem, building and evaluating layouts are the most basic opera-

tions. This includes avoiding overlap between two pieces, placing the pieces inside the 
plate and layout compaction. In order to achieve a good layout, a good strategy and 
algorithm is needed. The algorithms used are high level search algorithms that need to 
perform a global search over the solution space to ensure the optimal results are 
found. The strategy defines the placement of pieces and the steps to follow in this 
method. 

1.3 Aim 

This project has two sub-objectives. The first one is to find the best algorithm for 
nesting optimization, by doing an intensive literature study. As many researchers have 
tackled the nesting problem before, a large variety of nesting optimization methods 
have been developed. From these works, the best method has to be chosen according 
to the relevance with this project.  
The second sub-objective is to work with an in-house developed program that is 

capable of doing optimization. This program contains a method for solving the nest-
ing problem. This method has to be improved, using the literature study.  
At a certain point in this project a decision has to be made to either continue with 

the previous used nesting method or to try a new method, chosen from the literature 
study. At what point that decision will be made depends on the progress of the litera-

Y

X

L
W

Figure 1. Two-dimensional irregular bin packing problem 
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ture study and the knowledge acquired on the in-house developed program. 
The main aim of this project is to develop a nesting optimization method which is 

capable of producing a feasible layout when solving a nesting problem, within a rea-
sonable amount of time.  
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2 Literature review 

For the two dimensional irregular strip packing problem, there are two popular ap-
proaches for solving the problem. The first one is called iterative construction heuris-
tics, the second one searching over the layout [6]. Iterative constructive heuristics 
(ICH) determines a sequence for the pieces and then places them on the sheet by us-
ing a placement policy. This placement policy uses predefined rules to find good posi-
tions for placing a piece. The sequence can be generated by using local search or using 
a ranking criterion. Using this approach, a locally optimum sequence of the pieces will 
be produced, that would eventually lead to an optimized layout. It is not allowed to 
have pieces in the layout that overlap with each other. Searching over layout (SOL) 
starts by producing an initial layout. The layout is then improved using different heu-
ristics, e.g. swapping two pieces within the layout. In most of the cases overlap is 
permitted when placing the pieces on the layout, but a cost function will then penalize 
the new layout. In the final layout this overlap should be minimized, so that there is 
no overlap at all.  
Three meta-heuristics are frequently with ICH and SOL to get successful results. 

These three are Tabu Search, Simulated Annealing and Genetic Algorithm. Because 
these meta-heuristics are computationally intensive, many researchers implement en-
hancements and specific features in their algorithm to minimize the computational 
time and improve the quality of the solution.  Therefore it is difficult to compare the-
se methods and conclude which one is the best performing solution. 

2.1 Overview of previous works 

The nesting problem was introduced and described for the first time by Art [5] in 
1966. Researchers often use meta-heuristics to solve these problems. A review of the-
se meta-heuristics was made by Hopper and Turton [7].  Adamowicz and Albano  [8] 
proposed a strategy that divides a set of polygons in to different subsets. The geome-
try of pieces is determined by rectangle enclosures in which the subsets of polygons 
are placed. The subsets are then on their turn placed on the sheet. Albano and 
Sapuppo [9] were the first ones to introduce the famous bottom-left placement heu-
ristic. They used tree search to determine the sequence of the pieces to be placed. 
Jakobs [10] introduced a two-step heuristic, which first enclosures the piece by a rec-
tangular box and then places the piece on the sheet using a genetic algorithm. The 
second step is the use of a shrinking algorithm to move the pieces as close as possible 
to each other using bottom left placement. Compaction and separation algorithms are 
often used to solve the irregular strip packing problem. A compaction algorithm con-
tinuously moves the polygons, with or without rotation, in order to minimize the 
length of the sheet. A separation algorithm continuously moves the polygons, again 
with or without rotation, to minimize and eventually remove the overlap of the poly-
gons.  Li and Milenkovic [4] used compaction and separation algorithms to create 
holes in the middle of a sheet filled with already placed pieces to make place for new 
pieces. Gomes and Oliveira [11] hybridized simulated annealing with linear program-
ming with the use of the bottom-left placement heuristic. They used a separation algo-
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rithm to locally optimize the placement based on linear programming models. Simu-
lated annealing guides this search. Burke et al [12] presented a new bottom-left heuris-
tic algorithm in combination with hill climbing or tabu search to get a feasible solu-
tion of high quality. This algorithm is also able to pack shapes with arcs and holes. An 
efficient method that finds the a best position of a polygon that minimizes its overlap 
area with the current layout by translating the polygon in a specified direction, was 
introduced by Egeblad et al [13]. It is then utilized in local search. Imimachi et al [14] 
presented a new separation algorithm based on nonlinear programming. An additional 
algorithm to swap two polygons in placement was also proposed. The two algorithms 
are then combined and used as a part of an iterated local search algorithm for the 
minimizing the overlap. Leun et al [15] based their separation algorithm and local 
search on that of Imimachi et al [14], but used TS to guide the local search. They add-
ed a compaction algorithm to improve the result. 
In the next paragraphs, a more detailed study of the aspects of a nesting optimiza-

tion heuristic will be discussed. These are the necessary building blocks to create a 
good heuristic. Firstly, the geometry of parts will be discussed. 

2.2 Handling the geometry of parts 

In comparison to other cutting and packing problems, research publications are low 
for the irregular shape packing problem. This may be due to the fact that a good ge-
ometry handling method is not that easy to implement and requires a rather large 
amount of time and thinking.  
As the term irregular strip packing problem tells us, irregular shaped pieces are 

placed on a regular shaped sheet. These irregular shapes are defined as simple poly-
gons, convex or concave, with or without holes. When the polygon consists of one or 
more curves, the curve or curves are approximated by a series of tangent lines. When 
placing regular shapes, like rectangles, their possible placement positions can be re-
duces to a finite set of possibilities, because all the pieces are rectangular. As for ir-
regular pieces, the amount of feasible positions on the stock sheet is infinite. The aim 
of handling the geometry is therefore reducing the solution space, without removing 
the best solutions. This is to decrease the computational intensity, which increases 
with increasing possibilities and complexity of the solution space.  
Whether to see if a piece on the sheet is overlapping with other pieces, touching 

the sheet or being in a feasible position, is no problem when using the human eye. But 
when using a computer program, the answer to this question is a more complex calcu-
lation, using a set of vertices of the pieces and the sheet and solving equations. There 
exist a different amount of tools to handle the geometry, each one having different 
benefits and more or less difficult to implement.   
In the next paragraphs some ways of dealing with the geometry for the nesting op-

timization problem, currently used by researchers, are presented. A tutorial of the 
geometry is presented by Bennell and Oliveira [16] and by Bennell et al. [17]. The fol-
lowing is a summary of this review. 

2.2.1 Pixel/Raster method 

The pixel method divides the sheet in discrete areas, pixels, and hereby reducing the 
geometrical information to a grid presented by a matrix, see Figure 2(a). In this 
method, there are again different approaches. The simplest one is where an existing 
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piece is presented by a 1 and an empty space is presented by a 0, see Figure 2(b). If a 
value on the grid gives a higher number than 1, two or more pieces are overlapping.  
Another approach is the reverse of this, meaning that the interior of a piece is rep-

resented by 0. The exterior is represented by 1 starting on the right, and increasing by 
1 every pixel when moving to the left. The value of each cell gives then amount of 
cells a stencil has to move to the right to get a feasible position. This has its benefits 
when using bottom-let placement heuristic, based on movement over the layout, as it 
allows multiple cells to be skipped at once.  
The advantage of raster methods is that only the empty pixels have to be counted 

in order to translate a piece to a feasible position, if it is located in an infeasible posi-
tion. The pixel method is simple to code and can handle convex and non-convex 
polygons. The disadvantage of these methods however, is that they require a lot of 
memory, and cannot represent pieces with non-orthogonal edges. A more accurate 
result can be obtained by making the pixels smaller and smaller, but this will also lead 
to an increase in used memory.  

2.2.2 Direct trigonometry/ The D-function 

Another way to represent polygons is by using the polygons directly. The amount of 
used information is hereby proportional to the amount of vertices. A possible evalua-
tion method is direct trigonometry. It consists of tests for calculating if two lines in-
tersect and calculating point inclusion.  
The next section describes how to calculate overlap between two polygons using 

trigonometry. These tests are more computationally complex in comparison to the 
raster method. Firstly a bounding box has to be created. Two types of bounding box 
algorithms have been used by researchers, namely rectangular enclosure and hexago-
nal enclosure algorithms, in [18] by Cheng and Rao, in [19] by Grinde and Cavalier. 
This is the smallest rectangle or hexagonal enclosing the polygon, as shown by the 
dotted line, see  
 Figure 3. Next is checked if the bounding boxes of the individual edges intersect 

or not. Finally the edges are checked for intersection, see Figure 4. 
All these steps of thinking are used to avoid any additional unnecessary calcula-

tion, and so decrease computational intensity. The most complex of these steps is the 
one where intersection of lines has to be calculated. A useful tool for this is the D-
function. It can be defined as  

���� 	= 	 (��	–	��) ∗ (��	–	��)	–	(��	–	��) ∗ (��	–	��).	
Where A and B stand for the beginning and ending points of the line and P a point in 
space. The D-function gives the relative position of point P to edge AB. If DAPB>0, 
then point P is situated on the left side of the supporting line of edge AB; if DAPB<0, 

Figure 2. (a) Raster representation (b) Pixel representation 
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P is situated on the right side of the supporting line of edge AB. If DAPB=0 is the case, 
then P is situated on the supporting line of edge AB. The origin of the coordinate 

system �(0,0) is situated in the bottom-left corner and for a point �(�, �), x in-
creases when moving horizontally to the right away from the origin and y increases 
when vertically going up away from the origin. In [16], a table can be found with dif-
ferent cases. Each different case represents a situation where the edges are either in-
tersecting or touching. A description is given in terms of the D-function.  
Using the D-function to tackle the geometry in nesting optimization gives an ac-

curate approach. However it is computationally more intensive, because of the use of 
floating-points in calculations, which is necessary for an accurate result. This is much 
slower than the use of integers, which is used in the raster method. In addition to that, 
each time the placement of a polygon is changed, the feasibility of its placement needs 
to be calculated. This approach is therefore not optimal to use in iterative search heu-
ristics, since everything has to be recalculated every iteration, which is not beneficial 
for the computational time needed to get a good result. Constructive methods how-
ever, can efficiently use D-function to handle the geometry of nesting problems, be-
cause they build a solution based on a defined sequence for the pieces. In these meth-
ods calculation is restricted to one piece at a time. 

2.2.3 The No-Fit Polygon 

These days, the most popular approach to handle the geometry in nesting problems is 
the use of the no-fit polygon. It is more efficient than direct trigonometry, especially 
when using an iterative search heuristic. It has the same accuracy as direct trigonome-
try, because the original edges are being used. Implementing the no-fit polygon is 
considered fairly easy for convex polygons, but when pieces are non-convex, it gets 

 

 Figure 3. Bounding Box of pieces 

 

Figure 4. (a) Enclosing rectangles of edges intersect, (b) Intersection 
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harder to implement. Because of the last mentioned problem, only the last 10 years its 
use has been increased, even though the concept has been around for over 30 years.  

The idea was firstly introduced as the envelop problem by Art [5], but was re-
named as the no-fit polygon by Adamowicz and Albano [8]. Although the term no-fit 
polygon has been widely accepted, it can also be called a hodograph in mathematical 
literature, configuration space obstacle CSO in robotics and engineering literature and 
the term dilation s used in graphical design with computers.  
There are three main approaches on calculating the no-fit polygon. The first was 

introduced by Mahadevan [20], the orbiting algorithm. The second is decomposition 
into star shaped polygons by Li and Milenkovic [4], or decomposition into convex 
polygons. The third and last is Monkowski sums, used by Milenkovic et al. [21], 
Ghosh [22], Bennell et al. [23], Dean et al. [24] and Bennell and Song [25]. 
In the following sections the definition of the no-fit polygon and its purpose will 

be explained. This will be followed by a short explanation of the three main ap-
proaches mentioned before.  

The no-fit polygon of two polygons � and �, ����� , is a polygon formed by a 

sliding operation of polygon � around polygon �, see Figure 5. Polygon � is fixed 
with its reference point located at point (0,0). Polygon � slides around the boundary 
of polygon �. With the reference point of polygon � a polygon, the NFP, is drawn, 
so that the polygon edges touch each other, but there is no overlap between polygons 

� and �. During the movement, polygons � and � are not rotated. In order to get 
�����, ����� simply has to be rotated 180°. The use of NFP is the following: if 

polygon � is placed with its reference point inside �����	then polygons A and B 

overlap; if the reference point of polygon � is located on the boundary of �����  
then the polygons � and � touch each other; is the reference point of � located out-
side �����  than the polygons � and � do not touch each other. With this method, 
calculations don’t need to be based on the absolute positions of � and �, it is their 
position relative to each other that is used to calculate intersections.  

To determine if two polygons � and � overlap, touch or are separated, the vector 
difference between the two polygons has to be calculated. If this vector is inside 

����� , the polygons overlap. The complexity of this test is �(�), with � the number 
of edges of ����� , assuming that all NFP’s have been calculated at the start of the 
optimization process.   

B

A

RefB

NFPAB

Figure 5. The No-Fit Polygon 
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When calculating the no-fit polygon of two polygons � and �, there is a big dif-
ference if the shape is either convex or non-convex. For convex polygons, the NFP is 

fairly easy to calculate. Start by making the edges of polygon � into vectors with their 
directions counter clockwise. Do the same for polygon �, but the direction of the 
vectors needs to be clockwise. Then translate all the vectors with their begin point to 

a point �. Choose a random vector to begin with and ad the next vector, which is the 
next when rotating counter clockwise, with its begin point at the end of the previous 

vector. When all vectors have been used, you create the no-fit polygon of polygons � 
and �, see Figure 6.  
However, this method needs some additional rules, if it is to be used for non-

convex polygons as it does not preserve the order of the edges. This is shown by us-
ing the method on one concave piece, see. The result is different from the initial poly-
gon, see Figure 7. 
As mentioned before, handling concave polygons is rather hard compared to con-

vex polygons. There are three main methods to solve NFP for non-convex polygons. 
The first is the sliding or orbiting algorithm, introduced by Mahadevan [20]. This 

approach simulates the movement of the first polygon sliding around the other poly-
gon, see Figure 8. The sliding movement starts with the highest point (biggest y-
coordinate) of sliding polygon B, touching with the lowest point (smallest y-
coordinate) of the fixed polygon A, to make sure there is no overlap when starting the 
sliding movement. The first vertex of the NFP is defined by the reference point of B 
at its starting position. The following vertexes of the NFP are defined by the point-
edge combinations that will slide against each other and the sliding distance needed 
for this to happen. The direction is counter clockwise. The different point-edge com-
binations are determined by use of the D-function, as mentioned in section 2.2.2. 
Because of concavities, it might be impossible to slide along the whole edge. There-
fore, standard trigonometry must be used to clip the sliding vector. This is fairly easy 
to do, but the use of trigonometry has a negative effect on the efficiency, as it in-
creases the computational burden. Another disadvantage is that the sliding movement 
is unable to detect feasible positions for polygon B inside possible holes of polygon A.  

B
RefB

A

NFPAB

 

Figure 6. Calculating the no-fit polygon of two convex pieces

Concave

 

Figure 7. Forming the no-fit polygon of a concave piece 
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The second and most obvious method is to decompose the non-convex polygons 
into smaller convex polygons, called sub-pieces, see Figure 9. If a sub-piece of A over-
laps with a sub-piece of B, then polygons A and B overlap. An advantage is that the 
sub-pieces can be found quickly using the algorithm for finding convex polygons. But 
there are some disadvantages to this method. One of these disadvantages is that de-
composing the polygons into sub-pieces requires an efficient heuristic. There is a pos-
sibility that more sub-pieces are created then necessary, which leads to a more inten-
sive computation calculation of the NFP’s. The amount of sub-pieces can be reduced 
by decomposing in other shapes, for example star-shaped pieces by Li and Milenkovic 
[4]. Another disadvantage is that it’s hard to make the final NFP. Good care has to be 
taken when putting together the sub-NFP’s and their reference points. 
The third and for many researchers known as the most elegant approach, is the 

use of the Minkowski sum. As the Minkowski sum is used by several researchers [21] - 
[25], this is the only method that will be discussed more detailed. 

The Minkowski sum �, also known as dilation, of two polygons is the result of 
adding all vector points in �	with those in �. It can be defined as 

	�	 = 	�	⨁	�	 = 	 {� + �|� ∈ �, � ∈ �}.	
 This definition assumes the same orientation of the vectors of both polygons, 

counter clockwise is usually preferred. Because forming a good no-fit polygon re-

quires the two polygons to have an opposite orientation of vectors, polygon � 

 

 A

B

   

 
Figure 8. Mahadevan’s sliding method of two pieces 

Figure 9. Decomposition of non-convex pieces into convex pieces 
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counter clockwise and polygon � clockwise, polygon � is transposed into its symmet-

rical set of vectors – �. So the actual Minkowski sum is: �	 = 	�		⨁ − �.  
In order to represent the Minkowski sum of two non-convex polygons, Ghosh 

[22] introduced the slope diagram, which forms the basis of his method. A slope dia-
gram represents all the vectors of a polygon. They are represented as points on a cir-
cle, according to their actual angle. An example will explain how it works.  

Firstly, the slope diagrams of both polygons � and � are constructed. Because 
polygon A has one concavity, the slope diagram needs to be adjusted in order to run 
through the edges in a correct order, see Figure 11. In the adjusted slope diagram, 

point �2  and �3	are called turning points, as in this point the direction of running 
through the slope diagram has to be changed. To go from �1 to �2 in a correct way, 
�3 needs to be passed. As polygon � does not have any concavities, the slope dia-
gram has a normal shape, see Figure 10. 
Secondly, the slope diagrams need to be merged into one slope diagram. Keep the 

slope diagram of polygon � and add polygon �. Where the edges of polygon � inter-
sect with the slope diagram of polygon �, a new point on the slope diagram is 
formed. The last step is to run through the merged slope diagram, starting from a 
random point, which represents an edge, and continuing with the next edge in counter 
clockwise direction, as mentioned in the method for convex polygons. Beware of 
turning points, here the direction has to be changed from counter clockwise to clock-

wise and vice versa. The	����� of polygons � and � is formed, see Figure 12.  
This method can also be used for two non-convex pieces, as long as the concavi-

ties do not interfere. In this case, the slope diagram no longer consists of one path. 
Ghosh [22] solves this problem by the use of parallel paths, in which one path domi-
nates the other path. However, the more concavities, the harder it gets to solve this 
computationally.  
Bennel et al. [23] propose a different approach to solve this. They use the same 

basic elements as Ghosh [22]. When having two polygons � and �, both being non-
convex, they replace all concavities by convex edges, called dummy edges and so be-

come conv(B). They then first calculate ����'()*(�), which can be easily achieved. In 

the next step, they replace the dummy edges by the original edges plus all the edges of 
A that are intersected on the slope diagram. For further details on this method, see 
[23].  
In nesting optimization, the no-fit polygon is used as a tool to decrease computa-

tional time, as all the NFP’s are calculated in the initial step of the optimization 
method. The use of NFP can reduce the complexity of detecting overlap between two 

polygons using trigonometry, which �(�+ + � + +), with + the amount of edges 
from polygon � and � the amount of edges from polygon �, to a simple point inclu-
sion test of �(,). �(,) is the amount of edges in the no-fit polygon [25]. Proof and 
full explanations can be found in Mahadevan [20] and Bennell et al [23]. 

The amount of no-fit polygons is calculated as followed:  #���’/	 = 	 (0	 ∗ 	1)2 , 

with 0 the amount of pieces and 1 the amount of possible positions of a piece accord-
ing to its rotation angle. 
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The NFP is a tool, not a solution, to significantly reduce the computational time 

required to handle the geometry of pieces. But the software is not publicly available 
and it is rather hard to implement this tool. This is why many researchers don’t use 
the no-fit polygon. In addition to that, every above mentioned method has their limi-
tations, e.g. finding the NFP for pieces with holes for the approach of Mahadevan 
[20]. 
  

-B

b1

b2

b3

b4 b1

b2

b3

b4

Figure 10. Slope diagram of polygon B 
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Figure 11. Slope diagram of polygon A 
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Figure 12. Minkowski sum of polygon A and B according to the 

slope diagram 
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2.2.4 The Phi-function 

The most recent method to handle the geometry in nesting optimization problems is 
by use of the phi-function. It was introduced by and is mainly used by Stoyan et al. 
[26] and is mainly used by this group of researchers. The phi-function is used to con-
tain all mutual positions of two polygons. The outcome of the phi-function is a value 
that indicates the current interaction of the two polygons. Because of this it is often 
associated with the no-fit polygon. This is not the case, because the NFP is a special 
case of the phi-function theory. If the value of the phi-function is positive, the two 
polygons are separated and do not overlap. A negative value represents overlap of the 
polygons. When the value is zero, the polygons touch but do not overlap. When the 
phi-function is normalised, the outcome is the Euclidian distance between the two 
polygons. Stoyan et al. have made phi-function for simple objects such as circles, rec-
tangles, regular polygons, convex polygons and their compliments. They are called 
primary objects. Other objects can be represented as a combination of different pri-
mary objects. Intersection between primary objects to form other objects is allowed. 
This is not to be confused with decomposition of NFP’s, where overlap between 
polygons is not allowed. As an example the phi-function of two circles will be defined. 
It used as an example in [16], see Figure 13.  

The outer circle, with diameter radius (1 + 3) represents al touching pints be-
tween both circles, when the centre of the small circle is used as reference point. Its 

function is 4�2 + �2 = 1 + 3	when the centre is located at point (0,0). If the circles 
were separated, 4�2 + �2 > 1 + 3, then the difference between the left and the right 
component would be the Euclidian distance. The phi-function for two circles can 

therefore be defined as: 6(�, �) = 4�2 + �2 − (1 + 3). Placing the centre of the 
circle at point (�7, �7) and the small circle at point (�2, �2), the equation will be de-
fined as 

	6(�7, �7; �2, �2) = 4(�2 − �7)2 + (�2 − �7)2 − (1 + 3).	

2.3 Optimization algorithms 

The use of a good solving algorithm is crucial in nesting optimization problems. It 
determines the quality of the solution and the amount of time needed to achieve a 
good solution. Several algorithms have been used by researchers and have been 
proven to be successful. The use of the optimization algorithm differs according to 

r

R

 
Figure 13. Phi-function of two circles 
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the used strategy. Some researchers use an algorithm to optimize the sequence in 
which the piece are being placed on the sheet. Others use them to minimize the over-
lap, if overlap is allowed. When the overlap is zero, a feasible solution is found. An-
other use of optimization algorithms is to use them for improving a feasible solution. 
Because of these different uses of algorithms, some researchers have slightly changed 
existing algorithms to be more suitable for their specific nesting problem. Hybrid al-
gorithms, which are combinations of different algorithms, are also being used. 
In early works of nesting optimization, researchers used their own heuristics to 

tackle the nesting problem. It was only till the mid 90’s that researchers started to use 
optimization algorithms, starting with the use of Genetic Algorithms (GA). A review 
of works using genetic algorithms has been made by Hopper and Turton in [7] & [27]. 
A second search heuristic is Simulated Annealing(SA), which researchers also started 
to use in the 90’s. Another algorithm that was beginning to get popular at that time 
was Tabu Search (TS). Other algorithms that have tested and proven to be useful are 
Naïve Evolution (NE), and Ant Algorithms (AA). 
In the next paragraphs, an explanation of GA, SA, TS and AA will follow. All four 

algorithms have been tested and compared by Burke and Kendall, [28] [29] [30]. 

2.3.1 Genetic Algorithms 

The genetic algorithm was introduced by Holland [31], and later perfected by De Jong 
[32] and Goldberg [33]. The following years many researchers made their own specific 
version of the genetic algorithm. Because of this it is now referred to as a group algo-
rithms, called Genetic Algorithms (GA). GA’s are search algorithm based on the laws 
of nature. The algorithms evolve according to the fittest member, which can be com-
pared to survival of the fittest and natural selection. The algorithms start as followed: 
at first, an initial population of solutions is randomly created. The cost function, see 
2.3.7, gives a fitness value for each member of the population. The fittest members 
are then combined with each other to form the members of the population of the 
next iteration. As genetic algorithms are based on biology, biological terminology is 
used to describe its members. A solution is called a chromosome, consisting of genes 
which are the different pieces.  
There are different operations that have to be considered when using genetic algo-

rithms. One of them is the crossover, which determines how much genetic material a 
member of the next population inherits of its parents. Two chromosomes(parents) are 
selected, and formed into two new chromosomes(children). The value of this factor 
has a big effect on how fast the members of the next generation will evolve to an op-
timum. Another operation is that of mutation. This operator works only on one 
chromosome and is added to each child after crossover. It is a probability factor that 
adds some diversity to the population, which tries to avoid that the solution converges 
to a single solution.  
As genetic algorithms were very popular in the early 90’s to tackle the nesting 

problem, many researchers have made their own specific genetic algorithm to tackle 
their specific problem. Small changes that lead to better solutions and different values 
for the crossover and mutation operators are an example of this. Works of using GA’s 
to tackle the nesting problem are [34] by BaBu and Babu, Hopper and Turton [35],   
In the following paragraph an algorithm derived from genetic algorithms, called Dif-
ferential Evolution, will be discussed. This algorithm is used to solve the nesting 
problem in this work. 
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2.3.2 Differential Evolution 

Differential Evolution (DE) is a stochastic direct search method, introduced by Storn 
and Price, see [36] & [37]. It's a global search method, used to find the minimum of a 
cost function, that is a problem specific function.  

It utilizes �� D-dimensional parameter vectors �9,:;	 = 	1, 2, . . . , �� as a popula-
tion for each generation G, with � the amount parameters to be investigated. The 
population �� stays the same for each generation. The initial population of vectors is 
randomly chosen over the entire solution space. New parameters are created by muta-
tion. This is the making of a mutant vector by adding the weighted difference of two 
population members to a third new vector. The parameters of this mutant vector are 
then mixed with the parameters of another predetermined vector to form the trial 
vector. If the trial vector has better values for the cost function than the target vector, 
it replaces the target vector in the next generation. This process is called selection. In 
the Differential Evolution algorithm, three control parameters have to be optimized 
to find the best solution as fast as possible for a specific problem. These control pa-

rameters are the Cross-over Rate <3, the population �� and the mutation scale fac-
tor F. 

The cross-over rate <3 controls the recombination. Recombination builds trial 
vectors out of parameters values that have been copied from two different vectors. 

<3 controls the fraction of parameter values that are inherited from the parent vec-
tors. Its value is chosen between 0 and 1. A higher value for <3 stands for more in-
heritance from parents. A high value for <3 makes the algorithm converge faster to 
an optimum, but also makes premature convergence more possible to happen. For 

most problems, <3 = 0,9  seems to be the optimal value and therefore it is used as a 
standard, [38]& [39]. 

The mutation scale factor � controls the rate at which the population evolves. 
Even though there is no upper limit to � values higher than 1 are seldom used be-
cause of ineffectiveness. So � is chosen between 0 and 1. The difference between two 
population members is multiplied by � and then added to a third new vector to create 
a mutant vector. Increasing the amplification factor � increases the exploration ability, 
but decreases the exploitation ability. A higher � makes it easier to escape a local op-
timum.  

The population �� stands for the amount of vectors used in each generation. It is 
usually chosen as a between 2*D and 10*D. The higher the population, the more pos-
sible solutions you have, the higher the possibility to find the optimum. But a higher 
population also gives more computational work.  
Because each problem has its own cost function and its own amount of parame-

ters, there are no optimal values for ��, � and <3. Testing different combinations of 
��, � and <3 allows you to find these optimal values. A possible strategy to limit the 
search follows.  

Start by testing with �� = 10 ∗ � , <3 = 0,9 or 1,0 and � = 0,6 or higher to see 
if finding the optimum fast is possible. Do multiple runs per test. This is necessary 
because DE is a random based search, giving possibly different results each test. To 
be sure of a result at least 10 to 20 runs need to be conducted per test. If the optimum 

goes in premature convergence, increase �. For an unknown optimum, increase � 
anyway to see if you get better results. If no better solution is found, decrease the val-

ue for <3 to 0,5 and 0,1. Choose the best value for <3 and again change values for � 
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to find the optimum. When you have found the right combination, try decreasing �� 
to find the solution more rapidly. 

2.3.3 Simulated Annealing 

Simulated Annealing(SA) is a search algorithm based on the simulation of the cooling 
of material in a heat bath, which is a process called annealing. It was first introduced 
by Metropolis et al. [40] in 1953. It was only later in 1983 that Kirkpatrick et al. [41] 
used simulated annealing as an approach to handle combinatorial optimization prob-
lems, in which they succeeded. Since then, many researchers have used SA to tackle 
different optimization problems. Lutfiyya et al. [42] were the first to tackle the nesting 
problem with simulated annealing. Works that use SA to tackle the nesting problem 
are [29], by Burke et al., [11] by Gomes and Oliveira and  [43] by Heckman and Lan-
gauer. An advantage of SA is that it’s a global search algorithm, capable of finding the 
optimum in a big search area. The disadvantage is that it comes with a big computa-
tional burdon. 

2.3.4 Tabu Search 

Tabu Search(TS) is a search algorithm that, with the use of a memory called the Tabu 
list, searches for the optimal value in the search space. The Tabu list contains a certain 
amount of previous iterations which the algorithm is not allowed to return to. It 
therefore forces the algorithm to new places in the search space, making Tabu search 
a global search method. Even though the algorithm always evolves to the optimal 
value, it can happen that the value in the next iteration is worse than the previous 
value, because of the Tabu list. This is to allow the algorithm to escape local minima. 
For a more detailed description, see [44], by Glover and Laguna. Researchers that 
have used Tabu search to tackle the nesting problem are Bennell and Dowsland [45] 
and Ramakrisnan et al. [6]. Even though the Tabu list prevents TS from getting stuck 
in a local optimum, it still is a local search algorithm. So its characteristics need to be 
tuned to get good results. 

2.3.5 Ant Algorithms 

Ant algorithms or Ant Colony System algorithms (ACS) were introduced by Dorigo et 
al. [46] & [47]. It was initially used to tackle the travelling salesman problem (TSP). It 
was used for the first time by Burke and Kendall [30] to tackle the nesting problem. 
Other work is [48] by Liang et al. It is relatively new to use it for the nesting problem, 
so not many works have been made using ACS, but it has been proven to be more 
effective than several optimization algorithms for a wide range of optimization prob-
lems. 
Ant algorithms are based on the natural behaviour of ants living in a colony. 

When ants go out to find food, they leave a pheromone trail. The pheromone decays 
in time, it evaporates. So when an ant finds food and it has to pass several obstacles, it 
probably didn’t find the food using the shortest route. When other ants are aware of 
the food source, they will follow the pheromone trail. When these ants come across 
the obstacles they have a choice to follow the pheromone path or choose the other 
way. When an ant finds a shorter route to the food source, the pheromone trail will be 
stronger because trail is being used more frequently as it takes less time to travel it. 
Other ants will be attracted by the stronger pheromone trail and will start using the 
trail, also leaving a pheromone trail. This will make it even more attractive. More and 
more and eventually all ants will use this shortest trail. Pheromone trails of longer 
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routes will evaporate completely and disappear. This behaviour of the ants is defined 
as autocatalytic behaviour. They enhance the best trail by giving positive feedback, so 
that more ants will follow this specific route. For further details on applying ACS to 
nesting problem, see [30]. 
An advantage of AA’s is that the positive feedback system gives a rapid discovery 

of possible solution. A disadvantage is that the time to converge to the optimum is 
unknown. 

2.3.6 Other algorithms 

Besides the search algorithms, other algorithms have been made to get a good solu-
tion. Compaction and separation algorithms are some of those. They were introduced 
by Li and Milenkovic [4]. When applying the compaction algorithm, the right bound-
ary of the sheet is moved to the left, forcing the pieces closer together. During this, 
pieces are only allowed to jump over each other, but no overlap is allowed. Pieces are 
either allowed to rotate freely or to rotate by a restricted amount of degrees. When 
applying the separation algorithm, the solution removes all overlap between pieces. A 
combination of these two algorithms proved to effective. Nye [49] uses an exact algo-
rithm for solving the nesting problem. 

2.3.7 The cost function 

All the above mentioned search algorithm have one main purpose, which is finding 
the optimal values for which the outcome of the cost function, also called evaluation 
function, is the best, which is the lowest value in most cases. Because there is a possi-
bility that the search space contains several local minima, a global search algorithm 
needs to be used to ensure that the optimal solution is found. Many researchers have 
tackled the nesting problem so far, each with their own specific cost function. But 
considering the amount works that have been published, cost functions only vary 
slightly to one another. In the next paragraphs a few examples will be discussed. 
The first and most simple cost function is using the minimum sheet length, often 

referred to as L, see Figure 14. It is also one of the criteria researchers use to compare 
solutions when they use their algorithms on benchmarks. 
Above mentioned method is seldom used in the cost function, as it is harder to 

evolve to a better solution because of the lack of detail. More complex cost functions 
consider multiple parameters. They add a weight factor to each parameter equal to 
their importance.  
An example is given by Tay et al. [50]. They consider three things in their cost 

function value. The first is how well the piece is compressed against the sheet bound-
ary. It is defined as 

L

 
Figure 14. Minimum sheet length L 



Degree Project for Master of Science with specialization in Robotics 
Optimization methods for nesting problems - Literature review 

 

 18 

 1 −  +��;+?+ ℎA;BℎC/+��;+?+ E;�BF��G GA�BCℎ FH CℎA 0;AIA  

and is given a weight factor of 0,5. The next to consider is how close the gravity 
centre of a piece is to the nearest corner of the sheet boundary. They define it as the 

 E;/C��IA �ACJAA� � 0;AIA ��E CℎA �A�1A/C IF1�A1 FH CℎA �F?�E�1�/

GA�BCℎ FH CℎA �F?�E�1� /;EA IF�IA1�AE.  

The weight factor is 0,3. The last to be considered is how well the shape touches 
the sheet boundary., defined as 

�?+�A1 FH 0;AIA KA1C;IA/ CF?Iℎ;�B CℎA /ℎAAC �F?�E�1�/

CFC�G �?+�A1 FH 0;AIA KA1C;IA/. 

 It’s weight factor is 0,2. When adding up the weight factors, a total of 1 is ob-
tained. If the outcome of this cost function approaches one, it means the pieces are 
efficiently placed on the sheet. However, their cost function only tries to place piece 
as close as possible against the sheet boundary, so there is no gravitational effect be-
tween pieces. Therefore, the solution they create has a big space in the middle of the 
sheet. 
Burke et al. [30] define their cost function as followed 

 ∑ ((1 −
MNOPQ(R�SOT

U(VTWQ(R�SOT
)2)

9 ∗ ,) �⁄ .  

Y/AE3FJ�1A� is the total area of polygons placed in that row, ZFC�G3FJ�1A� 
is the total area of the row, k is a factor to scale the result and n is the number of rows 
in the bin. Their goal, with this cost function, is to minimize the area used by each 
row.   

2.4 Efficiency 

The efficiency, not to be confused with the outcome of the cost function, is a value 
that represents the quality of the solution. There are mainly two criteria that are used 
to compare the outcome of solution of benchmarks solved by different algorithms. 
The first and most simple criterion is using the minimum sheet length, often referred 
to as L, see Figure 14. It is defined as the distance of the left sheet boundary to the most right 
vertex of the most right placed piece. 
A second criterion is the use of percentage of utility of the sheet. There are several 

different interpretations of the percentage of utility, also known as the density of the 
sheet. One is to use the minimum sheet length multiplied by the complete sheet width 
as the used surface.  Divide the total surface of the placed pieces by the used surface 
and you get the density. A variety of this method is instead of using the complete 
width of the sheet, using the maximum width, W, to calculate the used surface, see 
Figure 15.  
Another variant of these methods is to use a step by step straight cut, to get rid of 

used material and to create a clean sheet again, see Figure 16. The “opposite” of this 
method is to cut off the sheet at all piece boundaries, see Figure 17 . This method 
considers only unreachable space as a loss of material. 
A third criterion to be considered is the computational time it takes to get the so-

lution. The faster the solution is made, the more time you have to try another run if 
the solution can be better. This is rather hard to compare between different heuristics, 
as they use different programs and are solved on different computers. In order to 
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compare the quality of the code, one has to look to the amount of iterations to get the 
optimal solution. The less iterations are needed to get to the optimal result, the better. 
But because of the previous mentioned differences, researchers compare the amount 
of time (s) it took them to get the optimal solution with their method. 
  

L
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x

 

Figure 15. Efficiency in X and Y direction 

 
Figure 16. Straight cut efficiency 

 
Figure 17. Boundary cut efficiency 
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2.5 Bottom-left placement strategy 

As mentioned in the previous paragraph, the cost function of an optimization method 
decides how the pieces will be placed on the sheet. There have been attempts at creat-
ing good placement strategies, but only one has been widely accepted and has been 
used in almost all the works that tackle the nesting problem. It is known as the bot-
tom-left placement strategy (BL). 
This popular approach to minimize the sheet length and the surface density is to 

order the pieces and placing them one by one, choosing the leftmost feasible position, 
closest to the bottom of the sheet, see Figure 18. This is called the bottom-left  (BL) 
placement strategy. The sequence of placing is usually based on the dimensions of the 
pieces, or a random sequence is used. A high speed feasible solution is the result of 
this placement strategy. It is also fairly easy to implement, comparing it to other more 
complex methods that produce higher quality solutions, but require more intensive 
programming and computation. Due to its’ speed and simplicity, many modern heu-
ristics use this method as the basis of their solution and cost function evaluation.  
Several bottom-left policies are used with small differences, but two main different 

policies can be distinguished. In the first placement strategy, pieces can only be placed 
to the right of the already placed pieces, using Bottom-Left placement strategy, see 
Figure 19(a). Although this simplifies computational calculations, it doesn’t allow 
smaller pieces to be placed in unused sheet areas, created by the placement of other 
stencil. This is shown in the left figure. The second placement strategy tries to solve 
this problem by allowing the pieces to be placed to the left of the already placed 
pieces, shown in the figure on the right, see Figure 19(b). This is often called hole-
filling. The strategy is therefore called the Bottom-Left-Fill placement strategy, [12]. 
In the case of placing rectangles, the calculation is fairly easy due to the simple ge-

ometry. When placing irregular parts, calculation can get more difficult due to com-
plex geometry, especially when the pieces need to be placed in unused sheet areas 
behind the already placed stencils. 

 
Figure 18. Bottom-left placement of a piece 

 
Figure 19. (a) Bottom-Left strategy (b) Bottom-Left-Fill strategy 
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The sequence of placing the pieces has a big influence on the quality of the solu-
tion. Examples of placing stencils in an ordered sequence are biggest piece first and 
then in decreasing surface placing the others, smallest piece first and then in increas-
ing surface placing the others, squares or rectangles first and then other polygons, 
decreasing width, decreasing length, decreasing irregularity, ... Some researchers gen-
erate a random order and then pick the solution with the best result. Others used heu-
ristic search techniques to determine the sequence of placing the pieces, hereby using 
different placement rules, e.g. if a smaller pieces fits an a hole created by the piece 
placed one step before in the sequence, the piece is switched in the sequence with the 
hole-creating piece, in order to fill the hole. For a more detailed look at the bottom-
left placement strategy, see [51], by Dowsland et al.  

2.6 Optimization strategies 

As mentioned before, there are two main strategies to approach the nesting problem. 
The first one is the Iterative Constructive search Heuristic, the second one is Search 
Over Layout. These two strategies will be discussed in the next two chapters. 

2.6.1 Iterative Constructive Heuristic(ICH) 

Iterative constructive heuristics (ICH) determines a sequence for the pieces and then 
places them on the sheet by using a placement policy. This placement policy uses pre-
defined rules to find good positions for placing a piece. The sequence can be generat-
ed by using local search or using a ranking criterion. Using this approach, a locally 
optimum sequence of the pieces will be produced, that would eventually lead to an 
optimized layout. It is not allowed to have pieces in the layout that overlap with each 
other. Gomes and Oliveira [52] use a 2-exchange heuristic, Dowsland et al. [51] use an 
algorithm that improves the bottom-left placement strategy and Burke et al. [12] also 
make use of the bottom left placement strategy. 
The first step in this heuristic is to build up your method. Choose a way to handle 

the geometry and a fitting search algorithm. The next step is to define the evaluation 
function or cost-function. Then, define your neighborhood structure and solution 
space. A neighbor is defined as all possible placement positions on the layout. A big 
neighborhood gives a longer computational time but a possible better result, as it con-
siders more possibilities. Choosing your starting solution is next step. This is a neces-
sary step because the outcome of this feasible solution is the one that other feasible 
solutions will be compared with. Usually, the bottom-left placement strategy is used to 
create this initial solution. When all these steps have been taken, a good optimization 
method should have been made. 

2.6.2 Search Over Layout(SOL) 

In the first step of SOL, an initial layout is produced by using BL. The layout is then 
improved using different heuristics, e.g. swapping two pieces within the layout. In 
most of the cases overlap is permitted when placing the pieces on the layout, but a 
cost function will then penalize the new layout. In the final layout this overlap should 
be minimized, so that there is no overlap at all. Oliveira and Ferreira [53] apply the 
SOL technique using simulated annealing, as well as Heckman and Langauer [43]. 
Bennell and Dowsland [45] hybridize Tabu Search with optimization techniques. 
Egeblad et al. [13] use a fast neighborhood search technique. 



Degree Project for Master of Science with specialization in Robotics 
Optimization methods for nesting problems - Literature review 

 

 22 

The first step of SOL is equal to ICH: choose a way to handle the geometry and 
find a fitting search algorithm. The next step is also identical: define your evaluation 
function. The difference with ICH is in defining the neighborhood structure and solu-
tion space, as in SOL the entire solution space is searched. The last step is again to 
create an initial solution. 

2.7 Comparing works 

As each researcher has his own algorithm, computer, strategy and geometry tool, it is 
hard to compare results of works to see which one is really the best. In the next para-
graphs, works will be compared on different levels.  

2.7.1 Comparing different algorithms 

In [28], [29]& [30], Burke and Kendall compare different optimization algorithms. 
They compare Genetic Algorithm, Tabu Search, Simulated Annealing and Ant Algo-
rithm by testing them on the same set of stencils, which they defined themselves. As 
tool to handle the geometry they use the No-Fit Polygon. As strategy they use ICH. 
Their initial solution and placement strategy is based on an own developed algorithm. 
In their papers, they conclude that Tabu Search is the best search heuristic to use 

in optimization methods. On second place come Ant Algorithm and Simulated An-
nealing, which can be considered to work equally good. The least well performing 
algorithm they proof in their work to be Genetic Algorithm. But they admit that this 
conclusion can be overthrown as it is their implementation of the algorithms and 
other researchers might have a better implementation.  

2.7.2 Comparing different strategies 

In [6], Ramakrishnan et al. compare the two optimization strategies for nesting prob-
lems, ICH and SOL. They use the No-Fit Polygon to handle geometry and create an 
initial solution by use of the bottom left placement strategy. The optimization algo-
rithm they use is Tabu Search. They compare both strategies according to the out-
come of solutions of benchmark stencil sets. These can be found on the ESICUP 
website. They evaluated 10 of the 16 available data sets. They generated 60 experi-
ments lasting 30 minutes for each of those 10 data sets. 
On 8 out of 10 data sets, ICH proved to outperform SOL by creating a solution 

with lower sheet length and higher density. They define the utilization percentage as 
the total surface of the pieces divided by the sheet width W multiplied by the maxi-
mum sheet length L. They conclude that ICH outperforms SOL. One of the criteria is 
that ICH is capable of creating a feasible solution every time, while SOL occasionally 
gets stuck because it cannot solve the overlap minimization. They also concluded that 
the more irregular the shapes become, the harder it is to get a good solution with 
SOL. ICH does not have this problem. They admit that because of lack of experience 
with SOL, their implementation might not be so good, as many researcher have suc-
cessfully implemented the SOL strategy, see 2.6.2.  

2.7.3 Comparing methods using benchmarks 

The most popular method of comparing developed methods is by testing them on 
benchmarks, see appendix A, Table 2. These can be found on the ESICUP website 
for Cutting and Packing [3] . Two criteria are considered when solving benchmarks. 
The first one is the maximum sheet length L, which is the distance between the right 
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most point of the right most piece placed on the sheet and the left boundary of the 
sheet. The other criterion is the utilization percentage of the sheet, which is the total 
surface of the pieces divided by the sheet width W multiplied by the maximum sheet 
length L. 
The data sets have a wide variety, going from simple convex polygons with small 

amount (FU), to highly non-convex (SHAPES0, SHAPES1), to jigsaw puzzles 
(DIGHE1, DIGHE2), to big amounts of polygons used in the clothing industry 
(SHIRTS).  
However, when comparing the results of their algorithms when solving the differ-

ent data sets, it has to be taken in mind that the time it takes to solve a data set is of 
great importance too. If one method is able to find the best solution, but needs five 
hours to get to that solution, is it then better than a method that gets a solution al-
most as good, but in ten seconds? Also the capabilities of the used computer have an 
effect on how fast the solution can be obtained. So when publishing results, research-
ers mention their value for L, their surface utilization, the computer they used, the 
amount of seconds needed and the amount of runs for one experiment.  
Looking at the results of solving different benchmarks that researchers published, 

it can be seen that six methods are being compared, see appendix A, Table 3 & Table 
4. These are the only ones who have used their method to solve benchmarks so far. 
These are Extended Local Search (ELS), by Leung et al. [15], Iterated Local Search 
algorithm (ILSQN) by Imamichi et al. [14], fast neighbourhood search (2DNest) by 
Egeblad et al. [13], Simulated Annealing Hybrid Algorithm (SAHA) and Greedy Local 
Search Hybrid Algorithm (GLSHA) by Gomes and Oliveira [11], and finally, Bottom-
Left-Fill heuristic by Burke et al. [12]. So far, ELS has the best scores for 10 out of 15 
benchmarks, scoring slightly better than ILSQN, which has the best results for 3 
benchmarks. SAHA and 2DNest both have one benchmark with the best result. 
2DNest has the best scores for 3 benchmarks when it is being run for 6 hours, but 
because that time is not equivalent to the others, it is not to be considered as a value 
to compare with. Looking at the average time some methods use to solve the bench-
marks, it can be seen that some try to use the same time (ELS, ILSQN, 2DNest), 
while others have time that varies from problem to problem (SAHA, GLSHA, BLF). 
For some benchmarks, SAHA and GLSHA solve it very quick, with slightly worse 
results then the best results. So it is up to the user to decide which is best: a fast and 
decent solution, the best solution or something in between. 
 

2.7.4 Comparing SAHA, ELS and ILSQN 

Three of the best performing algorithms are taken a more detailed look at. The ELS 
[15] nesting algorithm, is built as followed. The geometry is handled by use of the no-
fit polygon, see 2.2.3. It starts by generating an initial feasible layout, using the bot-
tom-left placement strategy, see 2.5. This initial layout is set as reference. During a 
certain amount of time, local search algorithm is used to solve the overlap minimiza-
tion problem. Each iteration, two polygons are swapped and separated if they overlap. 
If the new layout is better than the best result, it is saved as new best layout. To guide 
the local search algorithm so that it doesn’t go into premature convergence, Tabu 
Search, see section 2.3.4,  is used. After the predefined amount of time has ended, a 
compaction algorithm in an attempt to improve the solution. It can be concluded that 
in ELS, the SOL, see section 2.6.2, is used. 
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Taking a closer look at ILSQN [14], it can be seen that this method is almost iden-
tical to the ELS method. This makes sense, as ELS is based on ILSQN. The geometry 
is handled by the no-fit polygon. An initial layout is created with the bottom-left 
placement strategy and used as reference for further evaluation. Within a time limit, 
the overlap minimization problem is attempted to be solved in order to improve the 
layout, by a local search algorithm. This happens by swapping two polygons and cal-
culating the amount of overlap. The polygons are then separated to minimize the 
overlap. This is again an example of applying the SOL strategy. However, ILSQN 
doesn’t have a compaction algorithm to further improve the layout, like ELS. 
In SAHA [11], again the no-fit polygon is used to handle the geometry. An initial 

feasible layout is created by use of the bottom-left placement strategy. The layout is 
then improved by selecting two random pieces and swapping their position. After 
this, compaction and separation algorithms are used to make the layout feasible again, 
if overlap would occur. The search over the layout is guided by Simulated Annealing, 
see section 2.3.3. 
It can be concluded that all three methods are almost identical. Slight differences 

are found in the way the search over the layout is guided, and additional algorithms to 
improve the layout. Thus, it can be said that this method is efficient and proven to be 
the best method available.. 

2.7.5 Best nesting optimization method 

From all the methods that have been compared in different aspects, ELS [15] seems 
to be the best method currently available, as ELS scores the best on most of the 
benchmarks, see section 2.7.3. Its method is also quite similar as the methods of 
ILSQN and SAHA, which score almost as good as ELS for different benchmarks. 
This best method contains the following parts. 

• Geometry is tackled by use of the No-Fit Polygon, see section 2.2.3. 

• Initial solution is created by use of the Bottom-Left placement strategy, 
see section 2.5. 

• The overlap minimization problem is solved by a local search algorithm, 
guided by Tabu Search, see section 2.3.4. 

• The nesting strategy used is Search Over Layout, see section 2.6.2. 

• Additional algorithms, such as compaction, are used to improve the solu-
tion, see section 2.3.6. 

If a new nesting optimization method should be chosen or followed to improve 
the project’s method, ELS should be that optimization method. 
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3 Method  

This project started by conducting a large literature study, as it was one of the two 
branches included in this project. The first objective of this was to get an introduction 
to subject, which has been investigated by many researchers. After a certain amount 
of time a decent amount of information was gathered, enough to get a good insight in 
the nesting optimization problem. An in-house developed optimization software, 
PLCOpt, is available, capable of solving nesting problems. The in-house developed 
optimization software was investigated, to get a good insight on how the code is writ-
ten and how the program works. A comparison was made between the in-house used 
method and methods from the literature study, to see in what way the previous author 
of the program was thinking, as there are many ways on tackling the nesting problem. 
Several tests were conducted to get to know the program and to get a feeling with this 
nesting method. In the literature study different parts of nesting methods were com-
pared. The best methods were found and compared with each other to see which 
method was the most optimal method. The in-house developed software was im-
proved, using the knowledge that was acquired in the literature study. New ideas were 
gathered from both the literature study and the gained experience throughout the 
project. Implementation and testing was done in the following way: 

• Implementing the new idea in the program code. 

• Debugging and testing the quality of the code, to ensure stable results. 

• Testing the quality of a new idea by use of experiments. 

• For every experiment, 10 to 20 tests were conducted, to be sure of the re-
sult, as the search algorithm doesn’t always give the same result. 

• The used data was then the average and the best outcome of the tests. 

• Self-made data sets were used to test the quality of the program code. 

• Benchmark data sets were used to test the quality of the new idea. 

• Results of the tests were compared with previous results to see the im-
provement (or incompetence) of new ideas. 

Conducting these tests was a crucial part of this project. Analysis of these tests 
confirmed and verified the quality (or incompetence) and implementation of certain 
ideas. Analysing these tests led to certain conclusions, new ideas and possible im-
provements. Improvements to the nesting optimization method were: 

• More user-friendly user interface. 

• Implementing the bottom left placement strategy, to create a good layout. 

• Fine-tuning the control parameters of the search algorithm, to find the op-
timal value each iteration. 

• Debugging the geometry evaluation until a stable program was obtained. 

• Setting the pieces to an initial best position, to improve the quality of the 
layout. 

• Introducing a parameter to set the required distance between two pieces. 
These improvements were implemented successfully and were proven to increase 

the quality of the method. 
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4 Improvement of the project’s nesting 

optimization method 

At the beginning of this project, a nesting optimization method was available to 
work with. This method was developed by student Merten Kuhr, see internal report 
[54]. This optimization method was able to calculate stencil intersection between 
pieces and used DE as optimization algorithm. A standard user interface was already 
available by PLCOpt, but has been slightly modified to the nesting optimization 
method 
In the following sections the improvement of this nesting optimization method 

will be discussed, by use of different experiments. The experiments are numbered 
according to the title; experiment 1 is conducted in section 4.1. Results of these ex-
periments can be found in appendix B. DE is used as optimization algorithm. 

4.1 Changing the amount of iterations 

The first experiment conducted was to learn how the general PLCOpt tool and the 
implemented nesting method work. A focus was put on how the cost function be-
haves. Another goal was to determine the best way to place one stencil by changing 

the maximum amount of iterations [+��, as this was the first control parameter that 
would have thought of to have an effect on the outcome. A larger amount of itera-
tions should give more time for the algorithm to find the optimum. 

4.1.1 Settings 

As test piece, one square stencil is used, with a dimension of � = 10. The sheet width 

is \	 = 	50. The control parameters <3 and � were both set to 0,5. A population 
�� = 10 was chosen. These values have been chosen as they were the default values 
set by the previous student. At this point in the project a closer look into DE had not 

yet been taken. The different values for [+�� = 	15; 	25; 	30; 	50; 	100. The cost 
function was defined as followed: �	 = 	+���	 + 	/?+�/�+F?�C�H�CA�I;G/. For 
each value of [+��, 10 tests were conducted. A total of 5 values were tested, with 20 
tests for the fifth value (100), giving a total of 60 tests. The rotation angle was 

^ = 45°, varying between 0 − 45°, giving 2 different positions according to the rota-
tion. 

4.1.2 Results & Conclusion 

Four different results were obtained, see Figure 20, of which one was the optimal (b), 
as it was positioned against the left boundary of the sheet. In 60% of the  cases,  the 
optimal value (17) is found, see Figure 31. Al definite placements of the stencil were 
found in less than 20 iterations, see Figure 32. There is no trend to be found on the 
amount of iterations. This due to the randomness of the algorithm. 
Because all definite value were found in less than 20 iterations, for a Gmax of 

more than 20 iterations there is no difference in success rate of finding the optimal 
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cost function value. It can be concluded that a difference in Gmax has no significant 
effect on the outcome of the solution. A remarkable thing is that in some tests the 
optimal value is found and in other tests not. It is as if somehow the algorithm gets 
stuck in a local optimum.  Even when the piece is rotated by 45°, see Figure 20 (a), 
Figure 20the algorithm cannot find a better solution. A closer look has to be taken on 
other control parameters to see their influence on the quality of the solution. 

4.2 Changing the cost function 

In this experiment, the bottom left placement is introduced, by changing the cost 
function. This experiment is more focused on the quality of the solution, instead of 
focussing on the quality of the algorithm. 

4.2.1 Settings 

This test also makes use of one square stencil as test piece, with the same dimensions 
for the stencil and the sheet as experiment 1. The control parameters are again 

<3 = 0,5 and �	 = 	0,5; 	��	 = 	10. The cost function is defined as followed:	�	 =
	+���	 + +��� + 	/?+�/�+F?�C�H�CA�I;G/, introducing a gravitational force to 
the bottom of the sheet. A [+��	 = 	50 is chosen, not knowing if this will affect the 
quality of the solution. For these settings, 30 tests are made. The rotation angle is 

again set to ^ = 45°, varying between 0 − 45°, giving 2 possible positions according 
to the rotation. 

4.2.2 Results & Conclusion 

Seven different results were found, see Figure 21, with the cost function value of 91 
(a) being the optimal value. In 76% of tests, the optimal value is found, see Figure 33. 
All definite cost function values are found in less than 25 iterations, see Figure 34. 
The conclusion of this experiment is that the change of the cost function was a 

success in order to introduce the bottom-left placement strategy. As in experiment 1, 
again not all definite placements were the optimal placement, so the algorithm got 

 
Figure 20. Different positions of the square piece on the sheet (a)(b)(c)(d) 

 
Figure 21. Some results after introducing the bottom-left placement strategy in the 
cost function. (a)(b)(c)(d)(e) 
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stuck again. Again the value for [+�� was chosen to high, but this time the maxi-
mum amount iterations needed was different, as predicted. Experiments with more 
test pieces to place will confirm if this cost function is the optimal cost function. 

4.3 Finding the optimal values for the control parameters 

In this experiment the focus is put on finding the optimal values for the control pa-

rameters <3, the cross-over rate, and �, the mutation scale factor, in order to im-
prove the success rate of the algorithm for finding the best position of the pieces. 
Another goal is to see for which setting the least amount of iterations are needed. 

4.3.1 Settings 

The stencils used are the first three stencils of the FU data set. These are two identical 

squares and one rectangle. The dimensions of the sheet are length b = 100 and width 

\ = 38. The three stencils are able the fit in the complete width of the sheet, see 
Figure 22. 
The cost function values for the optimal placement of the stencil is found before 

starting the tests. The experiment is set so that the next stencil will be placed only if 

the previous stencil is in the optimal solution. The population �� is set to a value of 

30, which is 10 times the amount of parameters(�� = 10 ∗ �), � = 3, according to 

[38]. For the control parameter <3, the values 0,5 and 0,9	are tested, with values for 
�	varying from 0,5 to 0,9. 

4.3.2 Results & Conclusion 

In appendix B, see Figure 36, the results of this experiment can be found. The differ-
ent values for the amount of iterations needed to find the optimal placement position 
are given. The empty spots are the tests for which the optimal solution wasn’t found. 

For the combinations <3 = 0,5 & � = 0,8; <3 = 0,5 & � = 0,9; <3 = 0,9 & 
� = 0,7; <3 = 0,9 &	� = 0,9	of the control parameters the chance of successfully 
obtaining the optimal solution is 100%, see Figure 35. 
When looking at the average amount of iterations needed to get the optimal solu-

tion of placing the stencils, the fastest results are obtained when � = 0,5 & <3 =
	0,9. For � = 0,9, the result is about the same for both values of <3. 
Increasing the value of � leads to a longer computation time, but a higher success 

rate, as it decreases the chance to go into premature convergence. When comparing 

the values 0,5 and 0,9 for <3, it can be concluded that using <3 = 0,9 is the faster 

 
Figure 22. Simulation of the pieces used in experiment 3 
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way. The higher the value of the cross over rate <3, the faster the convergence to the 

optimum. In this test a higher value for the population �� is used. There is no proof 
that this has affected the results, but according to literature [38], the higher the popu-
lation, the more possible solution there are, see 2.3.2. The control parameters 

<3 = 0,9, � = 0,9 are chosen to find the optimum with high success rate and as fast 
as possible. With these values, almost no stencils get stuck in a local optimum.  

4.3.3 Test on a benchmark 

At this point in the project, a small test was made to solve the FU benchmark data set. 
The control parameters are chosen according to previous experiments. The setting for 

this experiment were: [+�� = 50, �� = 24	(8 ∗ �), <3 = 0,9, � = 0,9. The rota-
tion angle was set to ^ = 90°, varying from 0	 − 270°. A simulation of this experi-
ment can be found in appendix B, see Figure 37. Impurities in the screenshot are be-
cause of drawing code, which can only handle integer values. In the code, double val-
ues are used. For the first time in the project, a feasible solution for the layout is 
found. 

4.4 Finding the optimal rotation angle: simple pieces 

In this experiment the rotation angle that is the best for solving the FU benchmark 

data set will be tested. Before this test, a rotation angle of ^ = 90	° was used during 
the tests. This was according to literature: many researchers use a fixed rotation angle 

of ^ = 90	°  or ^ = 180	°  to limit the possibilities of stencil placement and to re-
duce computation time. This test will show if decreasing the rotation angle, hereby 
giving the stencil more possibilities to be placed, will improve the solution. 

4.4.1 Settings 

The FU benchmark will be used as data set to test, but it will be enlarged 10 times to 
get a more detailed image in the simulation. For the control parameters, the values 

found in experiment 3 will be used: �� = 24; 	� = 0,9; 	<3 = 0,9. A new option in 
the user interface became available: the amount stationary iterations, before ending 
the plan (placement of one piece) and going to next plan. This is when the cost func-
tion value found is not better than the cost function value found in the previous itera-
tion. The amount of stationary iterations is set to 25, with a maximum of iterations 

[+�� = 200. The different rotation angles are ^ = 90°, 45°, 30°, 15°. A total of 10 
tests are performed for every setup. A new way of comparing the results is also made 
possible, the minimum sheet length L. 

4.4.2 Results & Conclusion 

In appendix B, Table 5, the results of this experiment can be found. For the rotation 

angle ^ = 90°, the best minimum sheet length is found, as well as the average sheet 
length. It can be seen that there is almost no difference between the average sheet 
length and the best sheet length. When looking at the average amount of iteration 

needed, the rotation angle ^ = 90° also has the best value. The results for the cost 
function value are similar to that of the minimum sheet length L, see Figure 38. For a 

rotation angle ^ = 30° and 45°, the best sheet length is also found (or almost, for 
^ = 30°), but the average length differs more from the best sheet length. For the 
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rotation angle ^ = 15°, the values for the cost function value and sheet length are not 
as good as the others and the program needs more iterations to find a definite result. 
Figures show that the lower the rotation angle, the more evaluations are needed 

till a good solution is found. This can be explained that because of the low rotation 

angle, more possibilities are created to place the stencil. A rotation angle ^ = 15° 

gives 24 possible rotations in a range of 360°. A rotation angle ^ = 90°only gives 4 
possibilities. 

A rotation angle ^ = 90° gives in this test the best results for average sheet length 

and average cost function value. However, for the rotation angles of	^ =
30°, 45°, 90° the same best value is found. But again, for the rotation angle ^ = 90°, 
the best value is found more often and other values are close to the best value. A pos-
sible explanation of this result is that the set of stencils that is used in this test, FU, 
consists mostly of squares, rectangles and triangles. These polygons are not complex 
and easy to place to have a good solution. They also contain at least one symmetry 
axis, which decreases the amount of possible solutions for a stencil to be placed. Also, 

when placing squares and rectangles under a rotation angle ^ = 90° will always give a 
good solution, placing it under a rotation angle ^ = 15° will not. 
This experiment gives a good insight in the fact that the rotation angle is a decisive 

factor in the amount of evaluations. Another conclusion is that the shape of the sten-
cils affects the decision on how to choose the correct rotation angle. Further test with 
more different complex pieces will have to prove if the assumption that a rotation 

angle ^ = 90° is the best, is the right assumption. 

4.5 Finding the optimal rotation angle: complex pieces 

The FU benchmark contains stencils with an easy geometry such as squares, rectan-
gles and triangles. A comparison of the different rotation angles will be made, for a 
stencil set of which the stencils have a more complex geometry, to see if the conclu-
sion is the same. Furthermore, code has been added to the program, that initially plac-
es stencils in its smallest bounding box, in order to get better placement results from 
the beginning.  

4.5.1 Settings 

For this experiment, the data set is a set of pieces delivered by Volvo. These are parts 
that are actually produced. They consist of 3 groups of 4 pieces that fit together, giv-
ing a total of 12 pieces. In this experiment, all the pieces are put one by one. The con-

trol parameters are: [+�� = 200; 	/C�C;F��1�	;CA1�C;F�/ = 30; 	�� = 24; 	� =
0,9; 	<3 = 0,9. In this experiment only the rotation angles ^ = 15°	&	90° are com-
pared. Additional evaluations values are obtained: efficiency in X direction and effi-
ciency in XY direction.  

4.5.2 Results & Conclusion 

In appendix 1.B, see Figure 39 & Figure 41, the final results of this experiment are 

given. For the rotation angle ^ = 90° a better average and best value are found for 
the density in XY direction, see Figure 41. For the average density in X direction, the 
rotation angles get the same value. The best average in X direction is found with a 

rotation angle ^ = 15°. For the average sheet length L, both rotation angles get about 
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the same values, see Figure 39. For the best sheet length however, the rotation angle 

^ = 15° obtains the best result. The rotation angle ^ = 90° needs less iteration to 

find the definite solution than the rotation angle ^ = 15°. 
This experiment has some results that are different from the rotation angle com-

parison test with the Fu stencil set. With a rotation angle ^ = 90° a feasible solution 
is found, with more steady values, but the best sheet minimum sheet length is found 

with a rotation angle ^ = 15°. It can be concluded that the complexity of the geome-
try has to be thought of when choosing a rotation angle. A big rotation angle gives a 
quicker solution then a small rotation angle, but there is a chance that a smaller rota-
tion angle gives a better result. Simulations of the placement can be found in Figure 
40 & Figure 44. 

4.6 Grouping the pieces 

This test will continue to work with the Volvo stencil set, only this time the stencils 
are grouped according to their shape. There are three groups of 4 stencils that fit to-
gether. The goal is to again find the optimal rotation angle. An additional comparison 
will be made with experiment 5, which places the pieces one by one. 

4.6.1 Settings 

For this experiment, the data set is a set of pieces delivered by Volvo. These are parts 
that are actually produced. They consist of 3 groups of 4 pieces that fit together, giv-
ing a total of 12 pieces. In this experiment, the pieces are placed in groups of 4, de-
creasing the amount of pieces to be placed from 12 to 3. The control parameters are: 

[+�� = 200; 	/C�C;F��1�	;CA1�C;F�/ = 30; 	�� = 24; 	� = 0,9; 	<3 = 0,9. 

4.6.2 Results & Conclusion 

The results of this experiment can be found in appendix B, Table 6. For the best den-
sity in X and XY direction and the average density in X and X direction, both rotation 
angles score the same. When looking at the amount of evaluations, again can be con-

cluded that for a rotation angle ^ = 90° it takes less evaluations to get a result than 
for with a rotation angle ^ = 15°. 
Taking the rotation angle ^ = 15°	F1	90° makes no difference in this experiment. 

When comparing the Volvo stencil set with the Volvo Grouped stencil set, it can be 
seen that it takes about 3 times less evaluations for the Volvo Grouped stencil set to 
get results. This is because this experiment only consists of 3 pieces. It can also be 
seen that the Volvo Grouped stencil set gets slightly better results when it comes to 
density, sheet length and cost-function value. This is because the groups are already 
packed dense. A simulation of this experiment can be found in appendix B, see Figure 
43.  

4.7 Changing the sequence of placement 

In this experiment, the effect of the placement sequence of pieces will be tested. It is 
possible that, by changing the order of placing the pieces, a better layout will be 
found. The goal is to find the best placing sequence and to see if there is a relation 
between the geometry of the pieces and the sequence order to get a better result. 
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4.7.1 Settings 

The Volvo grouped stencil set will be used in this test. As it contains three pieces that 
need to be placed one by one, there are six different possible sequences. The sequence 
of the pieces is denoted as followed: the first piece gets number 1, the second piece 
number 2 and the third piece number 3. The first sequence to be tested is 123, the 
second 132, etc. The control parameters are: 

[+�� = 200; 	/C�C;F��1�	;CA1�C;F�/ = 30; 	�� = 24; 	� = 0,9; 	<3 = 0,9. The 
rotation angle is ^ = 90°, in order to get fast results. 

4.7.2 Results & Conclusion 

In this experiment, not average scores are considered, but best scores, as the aim is to 
find the best sequence. When looking at the best length, see Figure 45, the sequence 
213 clearly has the best results, with a 30% difference to the worst scoring sequence. 
This sequence scores slightly better than sequence 231, which also scores relatively 
good compared to the other sequences. When looking at the best density in XY direc-
tion, see Figure 46, sequence 321 scores the best, immediately followed by sequence 
123. This could be because these 2 sequences are the reverse of each other. The high-
est scoring sequences in XY direction density also have the lowest scores for density 
in X direction. The best scoring in X-direction is sequence 213, scoring about the 
same for the density in XY-direction. That this sequence scores the best in X-
direction is not unexpected, as it also scores the best in minimum sheet length L, 
which is the smallest distance in X-direction.  
From this experiment it can be concluded that the sequence of placing the parts 

has a big influence on the outcome of the solution. It can also be said that there are 
different ways of evaluating the solution. It is up to the user to choose which effi-
ciency is to be used. In this test the sequence with the highest density in X direction 
doesn’t have the highest density in XY direction. 

4.8 Code improvement 

In addition to introducing good strategy and fine-tuning the algorithm, additional 
code was added to improve the solution or fix bugs. The biggest change to the code 
was made to the evaluation of the geometry, as it contained several bugs that had to 
be fixed, e.g. the placement of two pieces with parallel pieces. Changes to this code or 
additional implementation of code brought up new bugs from time to time. 

4.8.1 Stencil in another stencil 

The first problem that popped up was that it was possible for a smaller stencil to be 
placed inside a bigger stencil, if no edge intersection was detected. This was pointed at 
by the student who worked on this problem before this project. In Figure 23, a trape-
zium piece is allowed to be placed in a bigger square. Also to be noticed is the triangle 
all the way to the right. At this point in the project, the control parameters for the 
algorithm weren’t fine-tuned yet, so it was still possible for pieces to get stuck. This 
effect could also be due to the geometric evaluation that contained some errors and 
lacked some code. The combination of these two made that effect possible 
To solve this problem of one stencil being placed in a bigger stencil, an additional 

piece of program code, boolean BoundingBoxInOtherBoundingBox, was written, to calcu-
late if the bounding box of one piece was located inside the bounding box of the 
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other piece, and vice versa. This is by checking for each vertex of the bounding box 
of one piece if the vertex is located inside the bounding box of the other piece.  
This code is called in the part of the code that calculates the cost function value. If 

a piece is located inside another piece, the boolean BoundingBoxInOtherBoundingBox is 
set to true, and the function value is given the maximum value. 

4.8.2 Parallel edges of pieces and machining error 

As mentioned before, the evaluation of the geometry was the topic that needed the 
most attention during this project. In that topic, the intersection calculation between 
two pieces had been changed several times in an attempt to improve it. 
A small problem occurred that looked fairly easy to solve at the beginning, but 

turned out to be a very time consuming problem. When changing the intersection 
calculation, a small piece of code was forgotten to be implemented. This piece of code 
was responsible for the evaluation of parallel edges of two pieces, saying that if they 
are parallel they are considered good if the edges don’t overlap.  
When pieces are rotated, calculations are made on their vertices and the rotated 

piece can differ slightly from the original piece because of machining or rounding 
errors. Because of this, the edges of parallel pieces were never really parallel when they 
were placed because of the small error. Therefore, the parallel edge error only hap-
pened occasionally, making it very hard to find the source of this problem. Because of 
this a great amount of time was wasted.  

4.8.3 Area calculation 

To calculate the efficiency of the layout, see 2.4, the area of each piece had to be cal-
culated. The decision was made to implement this as an additional parameter of the 
class Stencil, which contains all information of a stencil. This was implemented suc-
cessfully in the header file. From this point in the project, it was possible to calculate 
the density in X direction and the density in XY direction. Both these values can be 
read from the debug window in PLCOpt. 

4.8.4 Setting the stencils to their smallest bounding box 

As it is possible that the stencils that are being read in are in an unfortunate position, 
it is better to recalculate them and set them to their smallest bounding box, see Figure 
24 (a) & (b). Stencils that are in an odd position need more time to be placed in an 
optimal position as they require a low rotation angle to be able to be placed in that 
optimal position. From the experiments it can be concluded that a small rotation an-
gle needs a larger amount of evaluations before its definite position is found as it has 
more possible solutions to be placed. By changing its initial placement position to its 
smallest bounding box, immediately the most efficient position in XY density is 
found, if it was the only stencil to be placed. In this placement position, the rotation 
angle can be increased to get less possible placement positions by rotation, and so  

Figure 23. The trapezium stencil is placed inside the big square stencil. On the right 
is a triangle that got “stuck”. 
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decreasing the time needed to place the stencil.  
Implementing this strategy led to better results, considering the time as the param-

eter that was investigated. The smallest bounding box is found by, when reading in a 
stencil, rotating it 360° around its center point and calculating the bounding box for 
each rotation. The smallest bounding box and accompanying rotation angle are saved 
and set to as initial position after all rotation angles have been evaluated. This happens 
before the start of the optimization process. 
  

 
Figure 24. Setting a stencil to smallest bounding box: (a) read in stencil file, (b) stencil set 
to smallest bounding box. 
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4.8.5 Minimum distance between two stencils 

According to what cutting tool is used when the pieces are being cut out from the 
sheet, the distance between two stencils has to be variable. Some cutting tools require 
a larger distance between two stencils as they cut away more material, see Figure 25. 
The variable StencilMinimumDistance was therefore introduced and implemented. When 
creating a nesting source, see 1.C, this parameter can be changed according to the 
user’s desire. For each pair of two stencils, all edges of one stencil are compared with 
the edges of the other stencil. If a vertex of one stencil is positioned between two X 
or Y coordinates of an edge of the other stencil, then the distance between that point 
and the edge is calculated, see Figure 26(a). The same happens for a vertex of the se-
cond stencil and an edge of the first stencil. If the vertex is not located between the X 
or Y coordinates of an edge, the distance between the vertex of the first stencil and 
the vertex of the second stencil is calculated. This is needed for stencils with sharp 
edges, see Figure 26 (b). The minimum distance is used so that if another stencil 
comes to close to a stencil, a Boolean is set to true. In Figure 26(b) the real border of 
a piece is visualized. 

 
Figure 25. Minimum distance between stencils: (a) distance 10, (b) distance 30; the 
sheet width is 380 
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Figure 26. Minimum stencil distance: (a) Point-Edge relation (b) sharp edge, sur-
rounding border. 
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5 The project’s nesting optimization 

method 

In this section, the created optimization method for the nesting problem will be dis-
cussed. The different elements that are necessary to build up a nesting optimization 
method are defined for the project’s method. Details on different elements can be 
found in section 2. A nesting strategy is then defined. 

5.1 Geometry 

In this project, the geometry of pieces is handled and evaluated by use of direct trigo-
nometry, see 2.2.2. This way of handling the geometry was chosen by the previous 
student working on this method and was improved in this project. 
Bounding boxes are used to represent the stencils at their first stage of evaluation. 

However, the part of single edges being represented by bounding boxes is skipped 
and only the calculation of possible intersection between stencils, if bounding boxes 
intersect, is used. A stencil has three parameters: the X-coordinate of the centre point, 
the Y-coordinate of the centre point and a value that contains the amount of different 
rotation positions according to the rotation angle. Rotation of the piece is around the 

z-axis located in the centre point. If the rotation angle ^ = 90°, then the value of this 
parameter can vary from 0 to 3, which gives the piece 4 possible rotation angles: 

^ = 0° − 90° − 180° − 270°. In experiment 4 and 5, see sections 4.4 & 4.5, the 
importance of defining a good rotation angle is given. In this project, a rotation angle 

^ = 90° is usually chosen to solve nesting problems, as it works well in combination 
with setting the pieces to their smallest bounding boxes in the initial step of the 
method, see section 4.8.4 on setting pieces to their smallest bounding boxes. 

5.2 Optimization Algorithm 

The algorithm used to optimize the position of the stencils is Differential Evolution 
(DE), discussed in section 2.3.2. It is used to create new parameters every iteration, 
keeping in mind the best values of the previous iterations, in order to try and mutate 
to a better solution. Because differential evolution is a global search algorithm, it will 
not easily get stuck in a local minimum. This algorithm was chosen by the previous 
student who worked on this problem and was therefore also used in this project. So 
the choice of using DE in this project was based on the knowledge of the previous 
student and the availability of the algorithm in the optimization software. Another 
reason to continue to work with DE, is that before the decision was made on which 
branch to continue with, a clear idea on how DE works and behaves was obtained. 
Implementing a new algorithm would require a lot of time; first the implementation 
of the algorithm, then getting to know the working and behaviour of the algorithm 
and finally how to use this algorithm efficiently in the project’s method. Hence, during 
this project the DE has been used and fine-tuned. 
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In this project, the pieces are evaluated one by one. So every evaluation there are 
three parameters being evaluated: x, y and rotation. This can be defined as the algo-

rithm having a problem with dimension 3	(� = 3).  
The next thing to do is calibrate the control parameters ��, <3	��E	�. For this 

dimension the following optimal values were found: �� = 10 ∗ �; 	<3 = 0,9; 
� = 0,7 or �� = 8 ∗ �; 	<3 = 0,9; 	� = 0,9. These found the optimal solution for 
the Fu3Stencil problem in the least amount of evaluations without any fails. The 
Fu3Stencil problem is the first 3 pieces of the FU benchmark data set. Further testing 
confirmed these results. 

5.3 Cost function 

During this project, the cost function for evaluating the position has been changed 
several times according to experiments, in order to improve it, to obtain a better solu-
tion for the layout. At first there was no “force” pulling the pieces towards a certain 
point. So at first, the cost function pulled the pieces towards the left boundary of the 
sheet. 

 � =  +��� +  /?+�/�+F?�C�H�CA�I;G/. 

 f��� pulled the pieces towards the left boundary, the next part of the function in-

troduced some sort of attraction between pieces, with /?+� being the total sum of 
distances from the left boundary to the centre point of each piece. This greatly im-
proved the solution, but still some kind of gravity in Y-direction was missing. So the 
next function introduced that 

 � =  +��� + +��� +  /?+�/�+F?�C�H�CA�I;G/.  

The result was a sort of triangular placement of the stencils, as the relation be-

tween +��� and +��� was 1:1. So changes to this relation were made and decided 
to be set at 10:1. So the current cost function is 

 � = 20 ∗ +��� +  2 ∗ +��� +  (/?+� +  /?+�)/ �+F?�C�H�CA�I;G/  

 

The factor 2 for +��� and +��� gives them a bigger deciding role compared to 

20*maxX

2*maxY

Placement of

stencils

sumX

sumY

 
Figure 27. Cost function representation: (a) Angle for placement of the stencils, (b) visualisa-
tion of the parameters sumX and sumY, needed to insert the attraction between pieces. 
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the second part of the function. This cost function forces the stencils to the left most 
bottom point on the sheet, so the bottom-left placement strategy is used to place the 

stencils on the sheet, see Figure 27 (a). In (b), the calculation of /?+� and /?+� is 
visualized. 
 

5.4 Nesting strategy 

Following  the bottom-left placement strategy, stencils are placed one at a time. After 
the optimal placement for a stencil is found, it is fixed in that position when the next 
part is being placed. It is, however, still being evaluated. When all stencils have been 
evaluated, the optimization plan stops and the optimal parameters are saved. This 
strategy is a mix between ICH and SOL. It is constructive in a way that there are mul-
tiple iterations for each stencil to be placed and here by searching the layout for opti-
mal placement. 
When reading in the stencils, there initial placement is automatically set to their 

smallest bounding box, see 4.8.4. The evaluation of stencils happens in different steps, 
see Figure 28. First is being checked if there is intersection between the sheet and the 
stencil. This is calculated by use of the bounding boxes, to simplify the calculation. If 
there is sheet intersection, the placement will definitely be non-feasible.  Next is 
checked if the stencil intersects with other stencils. This is first checked with bound-
ing box intersection, for the same reason as mentioned in sheet intersection calcula-
tion. If no bounding box intersection is detected, the solution is definitely feasible. If 
there is bounding box intersection, a closer look has to be taken to see if there is sten-
cil intersection or not. Stencil intersection means the solution is not feasible. In the 
last step, the distance between stencils is calculated. If the stencils are the required 
distance apart, the solution is possible. When the placement of a stencil is possible 
solution, the cost function value is calculated and compared with the cost function 
value of the previous iteration. If the current cost function value is lower than the 
previous, the current value replaces the previous value. If not, nothing happens and 
the next iteration starts. As long as, when placing a piece, the cost function value isn’t 
stationary for a predetermined amount of iterations, the piece will continue to be op-
timized. When the amount of stationary iterations is reached, the optimization of this 
piece ends and the optimization of the next piece starts. When all stencils have been 
placed, the optimisation stops. 
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The Project’s Nesting Strategy
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Figure 28. Flowchart of the nesting strategy 
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6 Results and discussion 

In section 4, all the conducted experiment to improve the method are explained and 
discussed. Every experiment is based on ideas received from the previous experiment 
and ideas from the literature. In section Fout! Verwijzingsbron niet gevonden., the 
optimization method used in this project is discussed. In this section, the final result 
will be discussed and tested. 
As a test, the FU benchmark data set will be solved with the project’s method. 

Benchmarks are used in literature to compare the quality of solutions for solving the 
nesting problem. A list of all the benchmarks with specifications for the irregular bin 
packing problem can be found in appendix 1.A, Table 2. For this experiment, 15 runs 
were made with the same settings. This is necessary as the DE gives different solu-
tions every run because of the randomness in this algorithm. The sequence of the 
stencils was not changed. The control parameters were the same as used in previous 

tests: [+�� = 200; 	�C�C;F��1� = 30; 	�� = 24; 	<3 = 0,9; 	� = 0,9. A rotation 
angle of 90° was chosen. The minimum allowed space between stencils was chosen to 
be zero, as this is not a requirement. The results of this test can be found in Table 1. 
A visualization of the best result can be found in Figure 29. When comparing these 
results with solution from other researchers, see Table 3 and Table 4, it can be con-
cluded that our method is not as advanced as that from other researchers, as their 
result is far better than ours. Nevertheless, this project’s method is able to produce a 
feasible solution for a nesting problem, within a reasonable amount of time. 
In section 2, a literature study is made considering this project’s subject. From the 

results from the benchmarks, it can be concluded that when comparing the ELS [15] 
method with ILSQN [14] and SAHA [11], the methods are almost identical, see sec-
tion 2.7.4. Because ELS is the more recent and shows the best results for most of the 
benchmarks, see Table 3, it is chosen as the best nesting algorithm currently published 
and available, see section 2.7.5. Should the in-house developed program fail to the 
requirements, this is the new method that should be implemented. 
 

Table 1. Test results after solving the FU benchmark 

FU Function value Iterations Time(s) Density(%) L 
 

Average 9802 742 62,5 65,78 43,1 
 

Best 9478 - - 68,32 41,5 
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Comparing the result of this project with the result obtained by the previous st
dent working on this problem, a great deal of improvement can be seen. 
data set is solved. The best result 
tions, see Figure 30(a). At the end of this project, the result for solving the same data 
set is found in 1000 iterations with a better solution quality
current version of the project’s method is capable of producing a result with much 
higher quality and 10 times faster than the previous version.
Hence, the result of this project is a nesting optimiza

ing a feasible solution for a nesting problem, within a reasonable amount of time.

Figure 29. Visualization of the best result after solving the FU benchmark data 
set with the final program of this project.

Figure 30. Final result: (a) previous project; (b) this project
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Comparing the result of this project with the result obtained by the previous st
dent working on this problem, a great deal of improvement can be seen. 

The best result before this project [54] was found after 10000 iter
At the end of this project, the result for solving the same data 

set is found in 1000 iterations with a better solution quality, see Figure 30
current version of the project’s method is capable of producing a result with much 
higher quality and 10 times faster than the previous version. 
Hence, the result of this project is a nesting optimization method capable of crea

ing a feasible solution for a nesting problem, within a reasonable amount of time.

. Visualization of the best result after solving the FU benchmark data 
program of this project. 

     
Final result: (a) previous project; (b) this project 

Results and discussion 

Comparing the result of this project with the result obtained by the previous stu-
dent working on this problem, a great deal of improvement can be seen. The same 

was found after 10000 itera-
At the end of this project, the result for solving the same data 

30(b). So the 
current version of the project’s method is capable of producing a result with much 

tion method capable of creat-
ing a feasible solution for a nesting problem, within a reasonable amount of time. 

. Visualization of the best result after solving the FU benchmark data 
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7 Conclusion 

This project had two branches to work on: one was finding the best nesting algorithm 
in literature, which will be the first point to conclude, the other was to improve the in-
house developed program, which will be the second point. Then a final conclusion 
will be made. 
Out of more than 30 methods to solve the nesting problem, 3 methods seem to 

be performing the best. ELS has been chosen as the currently best method, because it 
outperforms other published methods, see section 2.7.5.  
Using several ideas from the literature study, the in-house developed program was 

improved. The code has been debugged by running a representative amount of tests. 
The result is a program that is able to create a feasible solution for a nesting problem, 
within a reasonable amount of time, see section 6.  
A decision had to be made whether to continue with the in-house developed pro-

gram or to create an entire new nesting method. The decision was made to continue 
working with the in-house developed program. The decision was based on the follow-
ing criteria.  

� At the time of making the decision, several ideas found in the literature 
were already implemented successfully in the program, showing improve-
ment to the method 

� These ideas are also used in the currently best nesting methods are used in 
the projects method 

� The current program is at the beginning level of each of the best nesting 
algorithms 

� It seems possible to improve the program to make it work like the best 
nesting algorithm 

After this decision was made, the program was being improved step by step, lead-
ing to the current result. 

7.1 Critical Discussion 

This project introduced a definitely not unimportant topic, the nesting problem. It 
gives great insight in operational research, optimization techniques and programming.  
At the beginning, finding the good articles took a great amount of time, and un-

derstanding them even more. But in the end,  the amount of articles that were pub-
lished about this subject was found to be surprisingly large. 
A change that could have improved this project, could have been to start with the 

introduction, learning and complete understanding of the in-house developed 
method, every aspect and detail, instead of conducting the large literature study first. 
The knowledge of the method would enhance the search direction in literature, to 
situate this method in literature faster. In that way, ideas for improving the in-house 
used method could have been found quicker. 
Fully understanding the in-house developed method, would also lead to faster 

conducting of tests and faster gained results. As many tests were conducted, this con-
sumed a great amount of time in this project. In addition to that, nearly at the end of 
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this project a new software was used that greatly decreased the time to conduct an 
experiment. Had this software been available in the beginning of the project, more 
time would become available and this time could have been spend on implementing 
and trying new ideas. 
As for the program code of the in-house developed method, it would have been 

better to start by debugging the geometrical evaluation code, as this gave a lot of er-
rors. Having a stable evaluation ensuring 100% correct results would have been bene-
ficial for this project. Having possible errors in solutions led to time waste and possi-
ble bad interpretation of results. Unfortunately these bugs only came up while testing. 
And of course, this project introduced the frustrating process of debugging pro-

gram code. With a little luck, a bug can be found rather quickly, but it usually takes a 
lot of time before a bug is found. Hence, some experience was gained on ways to find 
the source of bugs and to debug efficiently. 

7.2 Generalization of the result 

As the nesting problem has already been tackled by over a 100 researchers, many 
works only contain slight differences. Methods used to solve two-dimensional rectan-
gular nesting problems, differ very slightly from the irregular nesting problem, but 
they are also the same. This project work has a lot of things in common with other 
Cutting and Packing problems, see section 1.1. However, this is the first known 
method to use the Differential Evolution algorithm to tackle the nesting problem and 
it has proven to be successful. 
When zooming out more, tuning of the differential evolution algorithm can also 

be applied to tackle other combinatorial optimization problems. The method used in 
this project, to handle the stencils one by one, can also be used in other optimization 
problems, to divide the problem in smaller problems, solving them one by one. 
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8 Future Work and Research 

The literature study has given a lot of new ideas to improve the in-house developed 
program. Due to the amount of new ideas, not all of these ideas had the chance to be 
implemented and with every new implementation, new ideas appeared. The current 
program is stable and can be used as a base for further improvement.  In the follow-
ing sections, some ideas for future work will be discussed. 

8.1 Improvements for the user interface 

In the current program, setting up a complete optimization plan in the program, see 
appendix C on PLCOpt, takes a considerable amount of time for a certain data set. 
This plan can be seen as the execution of the nesting strategy. This increases heavily 
with an increasing amount of pieces to place. An improvement to the user interface 
would be to automatically generate these plans. When reading in the stencils, stencils 
should be sorted one by one in the client list. Using this list, a nesting plan should be 
automatically created, with only one table to set the control parameters for the entire 
plan. This has to be done plan by plan in the current program. Improving this part of 
the user interface would save a considerable amount of time. 

8.2 Improving the solution quality by changing the sequence 

As seen in experiment 7, see 4.7, changing the sequence of the stencils can have a 
great impact on the quality of the solution. As our program solves a problem within a 
reasonable amount of time, additional time can be used to place the stencils in a dif-
ferent order. Possible orders of placing pieces are: 

• Decreasing area 

• Decreasing length 

• Decreasing width 

• Decreasing irregularity 

• Increasing rectangularity 

• Random order 

• Decreasing area of enclosing rectangle 

• Decreasing length of enclosing rectangle 

• Decreasing width of enclosing rectangle 

• Decreasing perimeter of enclosing rectangle 

• Decreasing aspect ratio of enclosing rectangle  

8.3 Improving the placement speed 

In section 2.2.3, the no-fit polygon is being discussed. This is a tool for handling the 
geometry in nesting problems. Almost all recent works use this method to handle the 
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geometry, as it is believed to be the fastest. Many researchers speak highly of this 
method. So, in an attempt to improve the speed of the program, the no-fit polygon 
can be implemented. This is rather easy for convex pieces, but harder for non-convex, 
which is the drawback of this tool. 

8.4 Next step in the strategy 

After all the previous points have been implemented, the next step would be to im-
plement an additional step in the method. As said before, the current program can be 
used as the base for improvement. In the next step, the obtained feasible solution 
should be improved by different methods. A possible method is swapping two poly-
gons and then to see if this swap allows the pieces to get closer to each other.  
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A. Benchmarks 

List of some of the benchmarks available on the ESICUP website [3]. The names of the data sets refer to the researchers who developed them. 

 

Table 2. Benchmarks and their characteristics    

Data Set 
Different 
Pieces(#) Size(#) 

Rotation 
Angle(°) 

Vertices by 
piece (avg.) 

Sheet 
Width W 

Problem 
type 

ALBANO 8 24 180 7,25 4900 Garment 
DAGLI 10 30 180 6,30 60 Garment 
DIGHE1 16 16 0 3,87 100 Puzzle 
DIGHE2 10 10 0 4,70 100 Puzzle 
FU 12 12 90 3,58 38 Artificial 
JAKOBS1 25 25 90 5,60 40 Artificial 
JAKOBS2 25 25 90 5,36 70 Artificial 
MAO 9 20 90 9,22 2550 Garment 
MARQUES 8 24 90 7,37 104 Garment 
SHAPES0 4 4 0 8,75 40 Artificial 
SHAPES1 4 43 180 8,75 40 Artificial 
SHAPES2 7 28 180 6,29 15 Artificial 
SHIRTS 8 99 180 6,63 40 Garment 
SWIM 10 48 180 21,90 5752 Garment 
TROUSERS 17 64 180 5,06 79 Garment 

 

The next figure shows the different published methods with their results for the different benchmarks. 
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Table 3. Results of nesting algorithms solving the benchmarks 

Algorithm  ELS      ILSQN      2DNest      2DNest (6h) 

  10 runs Pentium4 2.4GHz  10 runs  
Xeon  
2.8 GHz  20 runs Pentium4 3.0GHz  20 runs 

Pentium4  
3.0GHz 

   Best(%) Best L Time(s)  Best(%) Best L Time(s)  Best(%) Best L Time(s)  Best(%) Time(s) 

Data Set                
ALBANO   88,48 - 1203   88,16 9874,48 1200   87,44 - 600   87,88 21600 
DAGLI  88,11 - 1205  87,40 58,02 1200  85,98 - 600  87,05 21600 
DIGHE1   100,00 - 601   99,89 100,11 600   99,86 - 600   99,84 21600 
DIGHE2  100,00 - 600  99,99 100,01 600  99,95 - 600  93,02 21600 
FU   91,94 - 600   90,67 31,43 600   91,84 - 600   92,03 21600 
JAKOBS1  89,10 - 603  86,89 11,28 600  89,07 - 600  89,03 21600 
JAKOBS2   83,92 - 602   82,51 23,39 600   80,41 - 600   81,07 21600 
MAO  84,33 - 1204  83,44 1766,43 1200  85,15 - 600  85,15 21600 
MARQUES   89,73 - 1204   89,03 77,70 1200   89,17 - 600   89,82 21600 
SHAPES0  67,63 - 1207  68,44 58,30 1200  67,09 - 600  66,42 21600 
SHAPES1   75,29 - 1212   73,84 54,04 1200   73,48 - 600   73,23 21600 
SHAPES2  84,23 - 1205  84,25 25,64 1200  81,21 - 600  81,59 21600 
SHIRTS   88,40 - 1293   88,78 60,83 1200   86,33 - 600   87,38 21600 
SWIM  75,43 - 1246  75,29 5875,17 1200  71,53 - 600  72,49 21600 
TROUSERS   89,63 - 1237   89,79 242,56 1200   89,84 - 600   90,46 21600 
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Table 4. Results of nesting algorithms solving the benchmarks 

Algorithm  GLSHA      SAHA      BLF     

  20 runs Pentium4 2.4GHz  20 runs Pentium4 2.4GHz  10 runs Pentium4 2GHz 

   Best(%) Best L Time(s)  Best(%) Best L Time(s)  Best(%) Best L Time(s) 

Data Set             
ALBANO   86,41 10074,08 209   87,43 9957,41 2257   84,60 10282,90 93,39 
DAGLI  85,49 59,32 797  87,15 58,20 5110  83,70 60,57 188,80 
DIGHE1   82,67 120,96 18   100,00 100,00 83   77,40 129,23 8,87 
DIGHE2  100,00 100,00 3  100,00 100,00 22  79,40 126,00 7,12 
FU   87,57 32,54 47   90,96 31,33 296   86,90 32,80 20,78 
JAKOBS1  81,37 12,00 37  78,89 12,42 332  82,60 11,86 43,49 
JAKOBS2   74,23 26,00 55   77,28 24,97 454   74,80 25,80 81,41 
MAO  81,01 1819,40 667  82,54 1785,73 8245  79,50 1854,30 29,74 
MARQUES   85,94 80,49 791   88,14 78,48 7507   86,50 80,00 4,87 
SHAPES0  64,53 62,00 621  66,50 60,00 3914  60,50 66,00 21,33 
SHAPES1   70,00 57,00 1944   71,25 59,00 10314   66,50 60,00 2,19 
SHAPES2  81,82 26,40 348  83,60 25,84 2136  77,70 27,80 21,00 
SHIRTS   86,60 62,21 5290   86,79 62,22 10391   84,60 63,80 58,36 
SWIM  73,24 6040,25 2724  74,37 5948,37 6937  68,40 6462,40 607,37 
TROUSERS   89,67 242,89 5080   89,96 242,11 8588   88,50 246,57 756,15 
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B. Results of experiments 

  

 

Figure 31. Cost function values of all tests for experiment 1 

 
Figure 32. Amount of iterations needed before the definite value is found by the algo-

rithm 
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Figure 33. Cost function values for all tests of experiment 2 

 
Figure 34. Amount of iterations needed before final value is found for experiment 2 
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Figure 35. Success rate of the tests of experiment three for different values of F and CR  

Figure 36. Average amount of iterations needed to obtain the optimal solution for differ-
ent values of F and CR in experiment 3 
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Table 5. Results of experiment 4 

 
  

 
Figure 37. Result of solving the FU benchmark with the control parameters found in ex-
periment 3 

 
Figure 38. Minimum sheet length L results of experiment 4 

Angle Eval. Function value f Best Eff. Avg. L Best L 

15 19536 57146 53897 473,36 438,6 
30 19708 52938 50201 431,12 403 
45 17716,8 53162,9 50130 432,02 402,2 
90 16636,8 50486,8 50124 405,68 402,2 
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Figure 39. Result values for minimum sheet length L for different rotation angles in ex-

periment 5 

 
Figure 40. Simulation of rotation angle 90° for experiment 5 

 
Figure 41. Comparison of the density in X and XY direction for different rotation angles 
in experiment 5 
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Table 6. Results of experiment 6 

Angle Best Eval. Evaluations L Avg L Best f Avg 

90 5832 6596,571429 470,7 469 12881,3 
15 5952 7538,4 469,2 469 12862,7 

 
 

Angle 
DensityX 
Avg 

DensityX 
Best 

DensityXY 
Avg. 

DensityXY 
Best f Best 

90 0,3206 0,3225 0,4904 0,4927 12833 
15 0,3224 0,3225 0,4896 0,4927 12833 

 
Figure Fout! Geen tekst met opgegeven opmaakprofiel in document.42. Simulation of 

experiment 7 (a) 213 (b) 231 (c) 321 

 
Figure 43 Simulation of experiment 6 for both rotation angles 

 

 
Figure 44. Simulation of rotation angle 15° for Experiment 5 
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Figure 45. Results for the minimum sheet length L for the different sequences in experiment 7 

 
Figure 46. Results for the density in X and XY direction for different sequences in experiment 7. 
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C. PLCOpt 

PLCOpt is a parameter optimization software, developed by University West. Different 
algorithms available in the software allow to solve different functions with a certain amount 
of parameters. Its’ purpose is, using different algorithms and methods, to optimize parame-
ters for different problems. One of the problems that can be solved by this optimization 
software is the nesting problem. 
The screen that you get when opening PLCOpt is the Optimiser tab, see Figure 47. In 

this tab you have the variables and their current values in the left-top corner and the vari-
ables and their optimal values in the bottom-left corner. Whenever the algorithm finds a 
better value for the cost function, the optimal values get updated. On the right part you can 
find the graphical presentation of the progress of the cost function trough time. The itera-
tion time per iteration and the evaluation time can also be found in graphical presentation. 
Above these graphs you can find certain process values as the total elapsed time and the 
current amount of iterations and evaluations from the current plan. 
In the tab Draw, see Figure 48, you can find a simulation of the result of the optimal 

parameter values found after the optimisation process. Even though this representation is 
not so accurate because the drawing software works with integers and the optimization 
software with doubles, it gives you a good image on how the stencils are placed and lets 
you see possible errors or bugs in the software.  

 
Figure 47. PLCOpt: Optimiser tab with graph of the cost function and parameter values 



Degree Project for Master of Science with specialization in Robotics 
Short descriptive title of the work - PLCOpt 

Appendix C:2 

In order to solve a nesting problem, a plan has to be set up in PLCOpt. Start by creat-
ing a new nesting source and defining the sheet dimensions, the rotation angle of the sten-
cils and the minimum stencil distance, see Figure 49. Import the stencils that will placed on 
the sheet by choosing a text file.  
The next step is to define all the parameter, three per stencil plus the cost function 

value, to match the sheet dimensions, see Figure 50. The stencils are represented as clients. 
These clients then have to be limited, according to the sheet dimensions. 

Figure 48. PLCOpt: Draw tab with simulation of the optimal values after optimising the 
parameters for the FU benchmark 

Figure 49. PLCOpt: Source tab 
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Appendix C:3 

After setting all the clients, a plan can be build, if it is allowed in the configurations tab, 
see Figure 51. To make the multi plan, the settings as in the figure need to be followed, 
especially the Algorithm type, the Plan type and the use of sub evaluations must be checked 
on. 
 

Figure 50. PLCOpt: Variable view Tab and Settings 

Figure 51. PLCOpt: Configurations tab. 
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Appendix C:4 

When all the right configurations are set, it is time to make the plan. According to our 
strategy, each plan represents a stencil. So if 12 stencils are placed, 12 plans have to made. 
For each plan, the control parameters Gmax, F, NP, CR and the amount of stationary it-
erations need to be set. The stencil that is being evaluated needs to be set to active, all the 
rest needs to be set to non active, in the ActiveClientList. All the stencils that have already 
been placed on the sheet need to be set to active in the SubEvaluationsList. If all this is 
done correctly, the nesting problem should be ready to be optimised by the software. To 
start the optimisation process, press the play button next to the settings button. During the 
optimization process, the progress can be seen in the optimizer tab. The current values for 
the parameters and the best values for the optimal cost function can be seen. The number 
of iterations for the current stencil (plan) can be seen. According to the settings, the graphs 
are updated in real time or not. At the end of the optimization, a final graph on the cost 
function value and amount of iterations is given. When setting the best values to the 
source, a visual simulation of the result can be seen in the Draw tab, see Figure 48. 


