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Abstract
Principles of Robust and Accurate Computational 3D Po-
sitioning from 2D Image Data
This thesis considers how to compute the 3D position of a camera
which can be placed for example on a robot hand. This is done by
taking 2D images of reference points that are placed in the room.
The image is a mapping from the 3D world frame to a 2D image
plane. To �nd the camera position in the world frame a camera
model is used that describes the relationship between the di�erent
coordinate systems in terms of rotation and translation. There are
basically three parts in this thesis. The �rst part is the camera model
formulation. The second part deals with real-time determination
of the position when the robot is moving. Two algorithms have
been used, the Levenberg-Marquardt method and the Ortogonal
Iteration algorithm. The third part is about calibration. That is
when the reference points and the camera parameters are to be
determined, which is done before the robot has started to move.
Here the Levenberg-Marquardt method is used.

Sammanfattning
Principer för robusta och noggranna beräkningar för 3D
positionsbestämning från 2D bild data
Detta examensarbete behandlar principer för att beräkna en kam-
eras 3D position då kameran är placerad på en robothand. Detta
görs genom att ta 2D bilder på referenspunkter som är placerade
i rummet. Bilderna är en avbildning från det tre-dimensionella
rummet rill det två-dimensionella bildplanet. En kameramodell
som beskriver relationen mellan de olika koordinatsystemen i ter-
mer av rotation och translation används för att hitta kamerapo-
sitionen. Detta arbete är uppdelat i tre delar. Första delen be-
handlar kameramodellen. Den andra delen handlar om positions-
bestämning av roboten i realtid, d.v.s. när roboten rör sig. För
detta har två metoder använts, Levenberg-Marquardts metod och
Orthogonal-Iteration algoritm. Den tredje och sista delen handlar
om kalibrering, vilket innebär att referenspunkterna och kamera-
parametrarna beräknas. Detta görs innan roboten börjar röra på
sig, och här används Levenberg-Marquardts metod.
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1 Introduction
With a GPS-device of today the position can be determined with
an accuracy of something like one meter, and this is enough when
you want to know where you are. But if you want to determine
the position of an industrial robot hand the accuracy has to be far
better. One common technique today is to calculate the movement
of the robot. This could be done by knowing the position of one
point at the robot, for example its foot, and then steer the robot
to the wanted position. One problem with this technique is that
the position is also a�ected by di�erent disturbances. For example
if the robot has a tool in its hand it could cause the hand to be
lower due to the weight. This could of course be included in the
computation or one could build a more robust robot, which is more
expensive. There are di�erent ways to solve this problem, but there
can always be some disturbance. Therefore it would be good to
always know the true position of the robot hand, so that one can
adjust the position if it happens to be incorrect.

One way to solve the problem is to put a small camera on the ro-
bot hand and use the principles of photogrammetry, which is to take
2-dimensional (2D) photos of 3-dimensional (3D) reference points
from di�erent angles and then determine the position of the camera
from the 2D images. The reference points could be light emitting
diodes or some kind of re�ectors, that are lit by a light source, e.g.
light emitting diodes. This thesis deals with this problem. Since
one wants to know the position of the moving robot constantly the
calculations has to be in real time, and therefor it is very important
to have a fast method to solve the pose estimation problem (i.e.
determine the position of the robot/camera).

The �rst part of this thesis is the model formulation, which de-
scribes the correspondence between the coordinates of the reference
points, the camera and the image. The problem can be formulated
as a non-linear minimization problem, where the deviation between
the true image coordinates and the image coordinates described by
the model is to be minimized. The model used here is a commonly
used model, [3], [4], [5], [9], [10], [11]. The second part of the thesis
proposes methods to solve the problem. The �rst problem to be
solved is when the reference points are known. This will be done
with two di�erent methods, one classical nonlinear optimizations al-
gorithm - Levenberg-Marquardt method [7], and the more modern
Orthogonal Iteration Algorithm [3]. The third part of the thesis
deals with calibration, which includes both calibration to �nd refer-
ence points and camera calibration. This section also deals a little
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bit about distortion. Finally some tests have been performed by
taking some real photos with a digital camera.
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2 Background
There has been a lot of research done in this area. One person
who plays an important role is D.C Brown [2]. He deals with cam-
era calibration in close range photogrammetry in general, but the
principles are the same as for camera calibration in positioning of
robots. In [2] Brown develops a theory to account for the variation
of lens distortion and a method for calibrating radial and decenter-
ing distortion of close-range cameras. Roger Y. Tsai and Reimar K.
Lenz are also important names and they have written a number of
articles about camera calibration for robot positioning, for example,
[10],[11],[9],[13],[12]. In [9], Tsai writes about a two-stage technique
where he �rst computes the location of the camera parameters (cam-
era calibration). This is done in a non-iterative way. Gregory D.
Hager, Chien-Ping Lu and Eric Mjolsness [3] have written about
pose estimation of robots and some of their material was the start
for this thesis. The work of A. Wisser et al [4] and Heikkilä [5] are
extensions of [3]. They deal with both pose estimation and camera
calibration, and they use iterative search methods, which is most
commonly used.

The aim of this thesis is to get an overview of how to handle the
whole process, from calibration of reference points to the real time
pose estimation problem. The articles mentioned above deal with
camera calibration and the pose estimation problem, but nothing is
said about how to calibrate the reference points.
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3 Camera Model
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Figure 1: Pinhole camera model here pi is the reference point, f is the focal
length, o is the principal point (u0, v0) and (ui, vi) is the image point in the
image frame that corresponds to pi in the world frame. (Xc, Yc, Zc) de�nes the
camera frame and (Xw, Yw, Zw) de�nes the world frame.

In this camera model there are three di�erent coordinate systems.
The world frame,(Xw, Yw, Zw), where the reference points (pi) are,
the camera frame, (Xc, Yc, Zc), for the camera coordinates and the
image plane, (U, V, f), which the reference points are projected on.
The third coordinate, f , in the image plane is the focal length, and
is �xed somewhere at the Zc-axis in the camera frame, so the image
points (ui, vi, f) will be referred to as just the (U, V ) coordinates,
(ui, vi). The idea with this model is to describe a correspondence
between the reference points, pi, the camera coordinates, qi, and
the image points (ui, vi), and thereby by able to determine the true
position of the camera.

Consider the pinhole camera model [3],[5] illustrated in Figure 1.
Given a number of non collinear 3D reference points,
pi = (xwi, ywi, zwi)

T , i = 1, ..., n, n ≥ 3, the corresponding camera
coordinates, qi = (xci, yci, zci)

T can be described by

qi = P (Rpi + t), (1)
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where

P =




sf 0 u0

0 f v0

0 0 1


 (2)

is the perspective transformation matrix, f is the focal length, s is
the aspect ratio and (u0, v0) is the center of projection on the image
plane, which is also called the principal point.

t =




tx
ty
tz


 ∈ R3 (3)

is the translation vector and

R =




rT1
rT2
rT3


 ∈ R3x3 (4)

is the rotation matrix parameterized using Euler angles, ψ, φ, θ, e.g.
R = ABC where

A =




1 0 0
0 cos(ψ) − sin(ψ)
0 sin(ψ) cos(ψ)




B =




cos(φ) 0 sin(φ)
0 1 0

− sin(φ) 0 cos(φ)




C =




cos(θ) − sin(θ) 0
sin(θ) cos(θ) 0

0 0 1




ψ, φ, θ and t = (tx, ty, tz)
T are called extrinsic parameters.

The reference points are projected on the image plane with fo-
cal length f , e.g. zw = f , and the image coordinates becomes
vi = (ui, vi, f). f, s, u0, v0 are called intrinsic parameters and will
be determined later in the part about camera calibration. Since we
have a pinhole camera model vi, qi and the center of projection,
(u0, v0), are collinear and the image coordinates can be expressed as
follows: 


ui
vi
f


 ∝




λui
λvi
λ


 = qi = P (Rpi + t), (5)

where
λ = r3pi + tz.

5



* 

Y
w

X
w
 

Z
w
 

Z
c
 

X
c
 

Y
c
 

image space
error      

object space
error       

Figure 2: Image space error minimized in section 4.1, and object space error
minimized in section 4.2.

(5) gives that
ui = uo + sf

rT1 pi + tx
rT3 pi + tz

(6)

vi = vo + f
rT2 pi + ty
rT3 pi + tz

(7)

To start with let f = 1, s = 1 and (u0, v0) = (0, 0). Then P = I
and equations (1), (6) and (7) become

qi = Rpi + t, (8)

ui =
rT1 pi + tx
r3pTi + tz

(9)

vi =
rT2 pi + ty
rT3 pi + tz

(10)

These equations can be used to solve the pose estimation problem,
i.e. determine the camera position, in two di�erent way. One way is
to minimize the image space error (Figure 2) which is to minimize
the deviation between the observed image points (ûi, v̂i) and the
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calculated image points (6) and (7). The other way is to minimize
the object space error (Figure 2), which is to minimize the residual
error ||Rpi + t − qi||. These two minimization problems will be
explained further and used in the next section.

To be able to determine the camera position we have to know the
rotation matrix R, i.e. the Euler angles ψ, φ, θ, and the translation
vector t = (tx, ty, tz)

T . This means that there are six unknown
parameters. Every reference point gives rise to two equations (6)
and (7) and therefore it is necessary to have at least three reference
points to fully determine the camera position.
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4 Methods
Two di�erent methods have been used to solve the pose estimation
problem. The �rst is the classic nonlinear iterative optimization
method called Levenberg-Marquardt method, which is used to min-
imize the object space error (Figure 5). The other, the Orthogonal
Iteration algorithm, is a newer pose estimation algorithm, and is
used to minimize the image space error (Figure 5) under the con-
straint that the rotation matrix is orthogonal, i.e. RTR = I.

4.1 Levenberg-Marquardt Method
As mentioned earlier, one can formulate the pose estimation problem
as the minimization of the deviation between the observed image
points (ûi, v̂i) and the calculated image points (6) and (7),

||F ||22
n∑
i=1

[(
ûi − rT1 pi + tx

rT3 pi + tz

)2

+

(
v̂i − rT2 pi + ty

rT3 pi + tz

)2
]
. (11)

The Levenberg-Marquardt method [7] is used to minimize equation
(11), where the unknowns is x = (ψ, φ, θ, tx, ty, tz). Here, the objec-
tive function (11) in vector form is:

F (x) =




(
û1 − rT1 p1+tx

rT3 p1+tz

)2

(
v̂1 − rT1 p1+ty

rT3 p1+tz

)2

...(
ûn − rT1 pn+tx

rT3 pn+tz

)2

(
v̂n − rT1 pn+ty

rT3 pn+tz

)2




(12)

Levenberg-Marquardt method is a mixture of the Gauss-Newton
method and a steepest descent method. When the current solution
is far from the true solution Levenberg-Marquardt method behaves
like a steepest descent method. It converges slow, but convergence is
guaranteed. When the current solution is close to the true solution
Levenberg-Marquardt behaves like Gauss-Newton, which is much
faster than the steepest descent method but must have a good initial
guess to converge to the true solution. This method is commonly
used for nonlinear least-squares problems [3].

One drawback with the Levenberg-Marquardt method is that it
is a fairly slow method, but one bene�t is that this method is very

8



Algorithm 1 Levenberg-Marquardt algorithm

(J(xk)TJ(xk) + λkI)dk = −J(xk)F (xk)
xk+1 = xk + dk

where dk is the search direction, F is the objective function to minimize and J
is the Jacobian matrix to F . λ is a scalar chosen so that F (xk + dk) < F (xk)
holds true. To choose λ is the main di�culty with this method but can be done
as follows:

Let ν > 1 (here ν = 10 has been used)
Let λ(k−1) denote the value of λ from the previous iteration. Initially let
λ(0) = 10−2. Compute F (λ(k−1)) and F (λ(k−1)/ν).

* If F (λ(k−1)/ν) ≤ F (xk), let λ(k) = λ(k−1)/ν.

* If F (λ(k−1)/ν) > F (xk) and F (λ(k−1)) ≤ F (xk), let λ(k) = λ(k−1).

* If F (λ(k−1)/ν) > F (xk) and F (λ(k−1)) > F (xk), increase λ by successive mul-
tiplication by ν until for some smallest integer ω, F (λ(k−1)νω) ≤ F (xk).
Let λ(r) = λ(r−1)νω.

easy to extend to �nd more unknown parameters, which will be done
in the part about calibration (section 5).

4.2 The Orthogonal Iteration Algorithm
As stated in equation (8) we have qi = Rpi + t for every observed
reference point. To determine R and t we minimize the residual
error, i.e. minimize the object space error, see Figure 2. For now let
qi be considered as known, estimated in some way, and later it will
be shown how to estimate them when they are unknown as they are
in reality.

‖e‖2 = min
R,t

n∑
i=1

‖Rpi + t− qi‖2, s.t RTR = I. (13)

Let {pi} and {qi} denote the set of points related by (13) and de�ne

p̄ =
1

n

n∑
i=1

pi, q̄ =
1

n

n∑
i=1

qi, (14)

p′i = pi − p̄, q′i = qi − q̄, (15)

M =
n∑
i=1

q′ip
′T
i . (16)
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For both q′i and p′i yields that
∑n

i=1 q
′
i = 0 and

∑n
i=1 p

′
i = 0.

The contents of the following two theorems are found in [3]. Here
they are stated as theorems and proved, since they play a central
rule in the Orthogonal Iteration algorithm. Here Tr denotes the
trace of a matrix.
Theorem 1. If R∗ and t∗ minimize (13), then they satisfy

R∗ = argmaxRTr(RTM) (17)

t∗ = q̄ −R∗p̄ (18)
Proof. The squared error e in (13) can be rewritten as

‖e‖2 =
n∑
i=1

‖q′i −Rp′i − t′‖2 (19)

or

‖e‖2 =
n∑
i=1

‖q′i −Rp′i‖2 − 2t′ ·
n∑
i=1

(q′i −Rp′i) + n‖t′‖2 (20)

where
t′ = t− q̄ +Rp̄.

Since
∑n

i=1 q
′
i = 0 and

∑n
i=1 p

′
i = 0 the second sum in (20) is zero.

The �rst term does not depend on t′ and the last term could not be
less than zero. Therefore the total error is minimized with

t′ = t− q̄ +Rp̄ = 0 (21)

and (19) becomes

‖e‖2 =
n∑
i=1

‖q′i−Rp′i‖2 =
n∑
i=1

‖q′i‖2−2
n∑
i=1

q′Ti Rp
′
i+

n∑
i=1

‖Rp′i‖2 (22)

It is obvious that to minimize (22) R must be chosen so that
∑n

i=1 q
′T
i Rp

′
i

is as large as possible.
Since

Tr(RTabT ) =
∑
j

∑
i

rijaibj =
∑
i

ai
∑
j

rijbj = aTRb

n∑
i=1

q′Ti Rp
′
i = Tr

(
RT

n∑
i=1

q′ip
′T
i

)
= Tr

(
RTM

)
. (23)

Thus, (17) and (18) minimize the residual error.
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Theorem 1 shows that R∗ = argmaxRTr(RTM) minimizes (13)
and the following theorem shows how to �ndR∗ = argmaxRTr(RTM).
Theorem 2. If M is the matrix de�ned in (16), then the solution
to (13) is

R∗ = M(MTM)−1/2 (24)
Proof. Let (U,Σ, V ) be a singular value decomposition (SVD) of M,

M = UΣV T = US

then (MTM)1/2 = ((US)T (US))1/2 = (STUTUS1/2 = (STS)1/2

since U is orthogonal.
MTM can be expressed as MTM = σ1g1 +σ2g2 +σ3g3, where σi,

i = 1, 2, 3 are the singular values to M and gi = viv
T
i where gi⊥gj,

i 6= j and ||gi|| = 1. MTM is positive de�nite so all eigenvalues are
positive and S can be expressed as

S = (MTM)1/2 =
√
σ1g1 +

√
σ2g2 +

√
σ3g3.

If R∗ is the solution to (13) then R∗ should maximize Tr(RTM) =
Tr(RTUS).

Tr(RTUS) =
√
σ1Tr(RTUg1g

T
1 )+
√
σ2Tr(RTUg2g

T
2 )+
√
σ3Tr(RTUg3g

T
3 )

Tr(RTUgig
T
i ) = Tr(gTi RTUgi) = Tr((Rgi)TUgi) = (Rgi)

TUgi

Ordinary properties for trace and transpose are used in above re-
sults, see [8].
Since ||gi|| = 1 and both U and R are orthonormal transformations,
(Rgi)

Tgi ≤ 1 with equality if and only if Rgi = Ugi. Therefore the
maximum of Tr(RTM) is obtained when R = U .

M = US ⇒ U = MS−1 = M(MTM)−1/2

and therefore the solution to (13) is R∗ = M(MTM)−1/2

These results are important in the Orthogonal algorithm (OI-
algorithm), and it can be shown that the algorithm is globally con-
vergent (for proof see [3]). But even though the algorithm always
converges to a solution for any starting point, x(0), it is not guaran-
teed that it converges to the true pose, it might converge to a local
minimum point if the initial guess is to bad.

Now to the developing of the orthogonal Iteration algorithm. Let

ei = (I − V̂i)(Rpi + t) (25)
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be the object space error vector, and

V̂i =
v̂iv̂Ti
v̂Ti v̂i

is the observed line-of-sight projection matrix, and v̂ = (ui, vi, f).
Minimizing the squared sum of the errors gives the following op-

timization problem:

min
R,t

n∑
i=1

‖ei‖2 = min
R,t

n∑
i=1

‖(I − V̂i)(Rpi + t)‖2 (26)

If the true rotation matrix and translation vector are obtained, then∑n
i=1 ei = 0.

n∑
i=1

ei =
n∑
i=1

(I − V̂i)(Rpi + t) = 0⇒

(nI −
n∑
i=1

V̂i)t =
n∑
i=1

(V̂i − I)Rpi ⇒

t =
1

n

(
I − 1

n

∑
j

V̂j

)−1∑
j

(V̂j − I)Rpj. (27)

Given this formula for the optimal translation vector as a function
of R, t(R), de�ne

qi(R) = V̂i(Rpi + t(R)) and q̄(R) =
1

n

n∑
i=1

qi(R),

then (26) can be written as

min
R,t

n∑
i=1

‖ei‖2 = min
R,t

n∑
i=1

‖Rpi + t(R)− qi(R)‖2. (28)

De�ne

M(R) =
n∑
i=1

q′i(R)p′Ti , where p′i = pi − p̄, q′i(R) = qi(R)− q̄(R).
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Algorithm 2 The Orthogonal Iteration algorithm
Assume that the kth estimate of R is R(k), t(k) = t(R(k)) and q(k)

i = R(k)pi+t(k).
Then R(k+1) is determined by solving

R(k+1) = argminR
n∑

i=1

‖Rpi + t− V̂iq(k)
i ‖2 = argmaxRTr

(
RTMR(k)

)
(29)

In this form R(k+1) is given by (24), and t(k+1) = t
(
R(k+1)

)
is given by (27).

4.3 Comparison of Levenberg-Marquardt Method and the
Orthogonal Iteration Method

Since the pose estimation should be in real time it is necessary
to have a fast algorithm that solves the problem. The Levenberg-
Marquardt (LM) algorithm and the Orthogonal Iteration (OI) algo-
rithm have both been implemented in Matlab. In reality it would
be better to implement the algorithm in some faster language, like
C or Fortran, however a comparison in Matlab shows the relative
di�erence between the methods. To compare the two algorithms the
programs have been executed with n = (10, 20, 30, 40, 50) (number
of reference points) and a tolerance ∝ 10−5, where the tolerance is
de�ned as norm (Rtrue − Rcomp). Where Rcomp is the computed ro-
tation matrix and R is the true rotation matrix. R is known since
this is created when simulating taking pictures. For each n the
OI-algorithm and LM-method has been executed 1000 times and
the result is an average of these. For both methods the reference
points are selected randomly for each execution, and the program
simulates taking a picture which gives the image coordinates (ui, vi).
The initial guess is the same for all simulations, x(0) = ones(n,1).
Figure (3) shows the computing time for the two algorithms when
n is increased, and Figure (4) shows the number of iterations. One
can clearly see in Figure (3) that the OI-algorithm is a much more
e�cient algorithm. The number of iterations, see Figure (4)is de-
creasing in the OI-algorithm when the number of reference points is
increased, but for the LM-algorithm the number of iterations does
not change when the number of reference points are increased. Fig-
ure 5 shows that the computing time for the LM-method increases
when the tolerance decreases , especially when the number of refer-
ence points increase, while the computing time for the OI-algorithm
is about the same. All tests show that the OI-algorithm always is
the fasted, and should therefore be used to solve the pose estimation
problem.
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Figure 3: Running times for Levenberg-Marquardt method and the Orthogonal
Iteration method. Each point in the plot represents an average of 1000 trials.
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Figure 4: Number of iterations for Levenberg-Marquardt method and the Or-
thogonal Iteration method. Each point in the plot represents an average of 1000
trials.

14



10
−6

10
−4

10
−2

0

0.2

0.4

0.6

0.8

1

1.2

1.4
n=4

tol

se
c

10
−6

10
−4

10
−2

0

0.2

0.4

0.6

0.8

1

1.2

1.4
n=10

tol

se
c

Levenberg−Marquardt 

Orthogonal Iteration 

Levenberg−Marquardt 

Orthogonal Iteration 

Figure 5: Time in seconds for Levenberg-Marquardt method and the Orthogonal
Iteration method for n = 4 and n = 10, where n is the number of reference
points, and di�erent tolerance = norm(R − Rcomp) . Each point in the plot
represents an average of 1000 trials.
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5 Calibration
This section is about calibration which is divided into three parts.
The �rst part is calibration of reference points, i.e. how to �nd the
location of the reference points. The second part deals with the
camera calibration which is to �nd the intrinsic camera parameters
(the perspective transformation matrix R in equation (1)). The
third part discusses distortion, which is closely related to camera
calibration.

5.1 Calibration of Reference Points
Until now the reference points have been given, but to know where
the reference points are one has to calibrate. When the reference
points were known, there were six parameters to determine, see
4.1. Now all the reference points are unknown, and for each point
there are three coordinates, (xwi, ywi, zwi). Therefor, for every un-
known reference point there are 3 unknowns. The problem could
still be formulated as a minimization problem. The only di�er-
ence here from (11) is that we not only seek the rotation matrix
R and translation matrix t, but also the unknown reference points
pi, i = 1, ..., n. The squared sum to minimize looks the same as
in (11) but the reference points are added to the unknowns, and
x = (Ψ,Φθ, tx, ty, tz, xw1, yw1, zw1, . . . xwn, ywn, zwn).

n∑
i=1

[(
ûi − rT1 pi + tx

rT3 pi + tz

)2

+

(
v̂i − rT2 pi + ty

rT3 pi + tz

)2
]
. (30)

Totally in (30) there are 6+3n unknowns, and from one image we
get 2n equations, see (12). Obviously there are not enough equations
to solve the problem, since 2n < 6 + 3n ∀n. This could be solved
by taking more images. Every image gives rise to 2n equations, so
m images gives 2mn equations. And the sum to minimize is

mn∑
i=1

[(
ûi − rT1 pi + tx

rT3 pi + tz

)2

+

(
v̂i − rT2 pi + ty

rT3 pi + tz

)2
]
. (31)
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where the object function, F , looks like

F =




(
û11 − rT1 p1+tx

rT3 p1+tz

)2

(
v̂11 − rT1 p1+ty

rT3 p1+tz

)2

...(
û1n − rT1 pn+tx

rT3 pn+tz

)2

(
v̂1n − rT1 pn+ty

rT3 pn+tz

)2

...(
ûm1 − rT1 p1+tx

rT3 p1+tz

)2

(
v̂m1 − rT1 p1+ty

rT3 p1+tz

)2

...(
ûmn − rT1 pn+tx

rT3 pn+tz

)2

(
v̂mn − rT1 pn+ty

rT3 pn+tz

)2




(32)

For every new image one has to calculate a new rotation matrix, R,
and translation vector, t. This means 6m unknowns if there are m
images. The reference points are the same all the time so there are
3n unknowns regardless of how many images that are used. To solve
the minimization problem the following should hold:

2mn ≥ 6m+ 3n, (33)

number of images
ref. points, n required, m

3 -
4 6
5 4
6 3
...

...
11 3
12 2
...

...
∞ 2

Table 1: Number of images needed, m, for di�erent number of reference points,
n, when the reference points are unknown.
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The minimum of reference points are n = 4, since if n = 3,
(33) becomes 6m ≥ 6m + 9. The minimum of images are m = 2,
since if m = 1, (33) becomes 2n ≥ 3n + 6. The calibration part is
only done once, and therefore the computing time is not so relevant.
Just small adjustments have to be done in the program compared
to before. The only di�erence is that the objective function holds
more equations and that the number of unknowns is larger. Since
the Levenberg-Marquardt method is so easy to extend it has been
used here.

5.2 Camera Calibration
Recall equation (1). Until now the perspective transformation ma-
trix

P =




sf 0 u0

0 f v0

0 0 1




has been the unit matrix. The focal length, f , aspect ratio, s, and
the principal point, (u0, v0) are called the intrinsic camera parame-
ters and can be determined by extending the minimization problem.
As in the case with the unknown reference points, the intrinsic cam-
era parameters only have to be determined once, and therefor the
Levenberg-Marquardt method can be used also when adding more
unknowns. The sum to minimize now is
mn∑
i=1

[(
ûi −

(
uo + sf

rT1 pi + tx
rT3 pi + tz

))2

+

(
v̂i −

(
vo + f

rT2 pi + ty
rT3 pi + tz

))2
]

(34)
There are four more unknowns and to be able to solve the mini-

mization problem now

2mn ≥ 6m+ 3n+ 4, (35)

must hold.
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number of images
ref. points, n required, m

3 -
4 8
5 5
6 4
7 4
8 4
...

...
16 2
...

...
∞ 2

Table 2: Number of images needed, m, for di�erent number of reference points,
n, when the reference points and the intrinsic parameters are unknown.

5.3 Distortion
The camera model described so far gives ideal image coordinates
(u, v) from the reference point p, where the light rays pass through
the optical center linearly. But in practice lens systems are com-
posed of several optical elements introducing nonlinear distortion.
There are mainly two kinds of distortion, radial- and tangential dis-
tortion. Radial distortion is an alternation in magni�cation from
the center of the �eld to any point in the �eld, measured in a radial
direction from the center of the �eld, see Figure 6. Positive radial
distortion is when the image point moves radially outwards from
the image center (Figure 6a) and negative radial distortion is when
each image points moves radially towards the image center (6b).
Tangential distortion is an image defect, usually caused by errors of
centration, that results in the displacements of image points perpen-
dicular to a radius from the center of the �eld. Radial distortion is
the most common distortion that is why this thesis only deals with
that.

Knowing the observed image coordinates v̂i = (ûi, v̂i), the ideal
coordinates (the coordinates we would have if the lens was ideal)
vIi = (uIi, vIi) could be approximated by

vIi = v̂i + F(v̂i, x) (36)

where
F(v̂i, x) =

[
ūi(k1r

2
d + k2r

4
d + k3r

6
d + . . .)

v̄i(k1r
2
d + k2r

4
d + k3r

6
d + . . .)

]
, (37)

ūi = ûi − u0, v̄i = v̂i − v0, rd =
√
ū2
i + ū2

i
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and x = (k1, k2, k3, . . .) are the coe�cients for the radial distortion
[5].

By replacing the distorted observed image points (ûi, v̂i) with the
approximation of the undistorted ideal image points vIi = (uIi, vIi)
in (34), we get a new minimization problem with some more un-
knowns, (k1, k2, k3, . . .). According to Tsai in [10] only one distortion
term, k1, is needed since more distortion terms would not help and
could cause numerical instability. The term to minimize is
mn∑
i=1

[(
ûi + ūk1r

2
d −

(
sf
rT1 pi + tx
rT3 pi + tz

+ u0

))2

+

(
v̂i + v̄k1r

2
d −

(
f
rT2 pi + ty
rT3 pi + tz

+ v0

))2
]

(38)
More about lens distortion modelling can be found in [1].

Figure 6: Radial distortion, a) Positive distortion, b) Negative distortion
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6 Experiment
When simulating taking images in the computer the model used in
this thesis works very well. But what happens when using this in
reality? To test this �ve images were taken from di�erent views on
a paper with dots, where the dots were the reference points. The
experiment was performed in two steps.

Figure 7: Image of reference points in experiment

6.1 Known Reference Points
In the �rst test the reference points were known. Since all points are
located in the same plane, the z coordinate in the world coordinate
system is set to zero. The x and y coordinates are measured by a
ruler where origin is dot ”A”, se Figure 7. When the images are
taken all the image coordinates u and v are measured with a ruler.
Here the origin in the image plane is in the upper left corner on
every image. The images are 26.8 × 20.1 cm so the principal point
(u0, v0) should be at (13.4, 10.05). Table 3 shows the result of the
camera parameters when all �ve images are used. As one can see
in the table the computed camera parameters di�er a bit from the
true camera parameters. This is not a surprise since the dots and
the reference points are measured in an inaccurate way.

As initial guess the rotation angles in the rotation matrix R and
the translation in the translation vector t is estimated by looking at
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the images, and the camera parameters are set to f = 1,
s = 1, u0 = 10, v0 = 10, k1 = 0, k2 = 0.

camera computed true
parameter camera parameter camera parameter

u0 13.488 13.4
v0 10.41 10.05
f 26.073 -
s 0.9994 1
k1 0.078 -
k2 0.102 -

Table 3: Result from camera calibration in cm

6.2 Unknown Reference Points
Here even four of the seven reference points were considered to be
unknown. One has to know at least tree points to de�ne the coordi-
nate system. If there are no known (or one or two known reference
points) the world coordinate system could be any coordinate system.
The unknown reference points are A,B,C and D, and the initial guess
for these are (4, 4, 4) for all four points. For the rotation matrix, R,
translation vector, t, and the camera parameters the initial guess is
the same as in the previous section.

camera computed true
parameter camera parameter camera parameter

u0 13.757 13.4
v0 10.395 10.05
f 25.073 -
s 0.9984 1
k1 0.0231 -
k2 0.0975 -

reference computed true
point reference point reference point
A (-0.072,0.004,0.071) (0,0,0)
B (9.992,-0.001,0.002) (10,0,0)
C (3.444,7.091,-0.013) (3.5,7,0)
D (12.974,9.061,-0.054) (13,9,0)

Table 4: Result from camera and reference point calibration in cm

This experiment shows that the model used seems to be a good
one to use. Thought one can not draw any conclusions about the
accuracy from this experiment since the accuracy in measuring the
observed image point are not especially good.
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7 Conclusion
As mentioned in section 4.2 it is not assured that the OI-algorithm
converges to the true solution even though the algorithm is globally
convergent. This could happen if the initial guess is far away from
the true solution. The same holds for the LM-method. Therefore it
is important to choose an initial guess that is good enough. That
might be a problem in the calibration part, but when the calibrating
is done, and the robot has started to move, one can use the last
pose as starting point. This could be done since this should be in
real time and the robot has not moved far between one image to
another. Since the OI-algorithm is faster than the LM-method the
OI-algorithm should be used when the calibration part is �nished
and the reference points and the camera parameters are known, i.e.
the OI-algorithm should be used when the robot has started to move
and the calculation should be in real time. The LM-method is used
in the calibration part, which is performed once before the robot is
used in production. Thereby the calculations do not have to be done
in real time. In the experiment all �ve images were used to have a
better solution, even though that is more information than needed
mathematically. When using this method in reality it is good to
have more information than necessary, since then the disturbances
do not become as large as they could be otherwise. One drawback
with having too many images is that it becomes computationally
expensive, especially when there are many reference points. One
have to �nd a balance, that �ts the purpose, between e�ciency and
accuracy. In the calibration part (as in the experiment) accuracy
is more important than time. There is a lot more to do before
what has been described in this thesis can be used in reality. One
thing is to �nd a way to determine a good initial guess for the
calibration part. Another thing that has to be solved is how to
identify the reference points, since if images are taken from di�erent
locations it is impossible to know which point in the image that
corresponds to a particular reference point. When simulating taking
pictures in the computer it is easy to know which image point that
belongs to a certain reference point and in the test that have been
performed in this thesis the reference points have been marked. In
reality one can not solve the identi�cation problem in this way. One
thing that can be done is to form a number of reference points in
di�erent pattern, which easily can be identi�ed, and thereby come to
conclusion which reference point that corresponds to a certain image
point. The problems mentioned above are things that have to be
calculated, but there are of course some technical things that have
to be done. For example one has to have a program that recognize
the image points in the computer. Even though there is more work
to do, the model used in this thesis is an indication of how it is
possible to treat the whole process, from �nding reference points to
estimate the pose of the robot in real time.
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