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A B S T R A C T

Machining parameters needed for stable, high-performance high-speed machining could be found using mathe-
matical models that need accurate measurements of modal parameters of the machining system. In-process modal
parameters, however, can slightly differ from those measured offline and this can limit the applicability of sim-
ple measurement methods such as impact hammer tests. To study and extract the in-process modal parameters,
mathematical models are used to define two key dimensionless parameters and establish their relationships with
each other and the modal parameters. Based on these relationships, the modal parameters are extracted using
two analytical methods, the two-point method (TPM), and the regression method (RM). As shown with exper-
imental studies, the RM performs well in the extraction of the modal parameters and while being much faster
than the existing iteration-based methods, it provides stability lobe predictions that match well the experimental
results. Furthermore, it is noted that the natural frequency parameter is estimated with much better relative pre-
cision compared to that of the damping ratio and modal stiffness parameters.

1. Introduction

Self-excited vibrations can arise in various metal cutting processes.
These vibrations create a noisy work environment, leave undesirable
surface finish, and originate dynamic forces several times larger than
stable cutting. These large dynamic forces can damage the cutting tool
or machine tool components. The regenerative nature of chatter vibra-
tions was discovered by Doi and Kato [1], Tobias [2] and Tlusty [3].
Milling as one of the most important cutting processes has been stud-
ied widely and various methods for prediction of stability boundaries,
known as stability lobe diagrams (SLDs) have been proposed by Srid-
har [4], Tlusty and Ismail [5], Opitz and Bernardi [6], Minis and Yanu-
shevski [7], Altintas and Budak [8] and Insperger et al. [9]. SLD cal-
culations require accurate measurement of dynamic properties of the
machining structure, i.e. natural frequency, stiffness and damping val-
ues of the vibration modes of the tool and the workpiece. Tradition-
ally such data is obtained by impact hammer tests. In cases such as mi-
cro-milling, the minute size of the cutting tool complicates this approach
[10]. Change of machine dynamics has also been observed due to the
cutting force loading, making it dependent on cutting parameters such
as depth of cut, as shown by Moriwaki et al. [11]. Preloads applied to a
workpiece can also affect its natural frequency and its chatter stability

behavior as shown by Wan et al. [12]. Reduction of the mass and stiff-
ness of the workpiece during machining can also affect the modes orig-
inating from the workpiece. The speed dependent-behavior of machine
tool spindles is an important contributor to the change of dynamic prop-
erties. Effect of centrifugal acceleration and loading changes at angu-
lar contact ball-bearings on stiffness and natural frequencies are shown
by finite element method [13] and the effect of pre-load and process
loads are studied using both finite element simulation and experimen-
tal measurements by Cao and Altintas [14]. The effect of bearing pre-
load mechanism is furthermore studied by Cao et al. [15]. The evolv-
ing spindle dynamics has been measured by methods such as active
magnetic bearing [16], impact tests on rotating tools [17–19], ball im-
pact on a rotating tool [20], impact-like cutting forces [21] and mag-
netic non-contact excitation [22]. Such methods are often only ap-
plicable in specifically designed measurement setups that limit their
use. In-process dynamic parameters can also be extracted using an in-
verse-stability solution. The available inverse solutions determine exper-
imental thresholds of stability, at single or multiple spindle speeds, of-
ten along with corresponding vibration frequencies and finding modal
parameters that, when used in machining dynamics models, result in
such threshold depth of cuts and vibration frequencies. Inverse solu-
tions are valuable since they result in dynamics parameters of a ma-
chining system under machining loads. These solutions differ based
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on their calculation methods and the number of unknowns they con-
sider. The calculation methods are either analytical or iterative. The
analytical methods are closed-form mathematical relationships between
the measurements and unknown variables. In contrast, the iterative
methods start from initial values for the unknowns and use various iter-
ative optimization algorithms to find a set of values that produce predic-
tions closest to the measurements. In terms of the number of unknowns,
considering multiple vibration modes may be possible; but doing so,
many measured inputs will be required to identify these unknown para-
meters uniquely. This is often impractical for iteration-based numerical
approaches and commonly these methods include only one [23,24] or
two [25] modes of vibration in inverse calculations.

An analytical inverse solution method proposed by Kruth et al. [26]
assumes systems with a single dominant mode and finds the modal pa-
rameters using threshold depth and vibration frequency at two different
spindle speeds. This method fails, as shown in this paper when milling
chatter originates from the vibration of a dynamically axisymmetric
tool-spindle assembly. The iterative method by Suzuki et al. [24], as-
sumes axisymmetric tool-spindle assemblies and modes with equal prop-
erties in the feed and cross-feed directions. The objective function is a
weighted sum of differences of the model prediction and experiment in
vibration frequencies and depth of cuts. Grossi et al. in Ref. [27], also
using the same assumption as Suzuki et al. [24] for the dynamics of the
tool and spindle, propose a method by intersecting the experimentally
obtained vibration frequency contours by specifically calculated lines
that result in natural frequencies. In this method, to achieve a satisfac-
tory precision, it is important to have test cutting conditions (points)
with vibration frequencies above and under the (unknown) natural fre-
quency, preferably more than two, to avoid extrapolation instead of in-
terpolation in calculating the intersection point. The damping ratio is
calculated by minimizing the difference between the measured and cal-
culated vibration frequencies. This method is aslo applicable only for
machining systems that can have chatter frequencies equal to their nat-
ural frequency.

In-process dynamic parameters have also been identified using mea-
surements of the stationary spindle. Özşahin et al. in Ref. [25] using nu-
merical optimization and measurement at two different spindle speeds,
detect changes in natural frequency and damping ratio due to spindle
rotation. They use impact tests on the stationary spindle to measure the
“modal constant” that determines the modal mass of vibration modes.
Grossi et al. in Ref. [23], similar to Özşahin et al. [25], use impact test
results at the stationary conditions, but consider equal properties for the
feed and cross-feed directions (i.e. axisymmetric dynamics assumption)
and examine the performance with the input of stability threshold at a
single spindle speed or multiple spindle speeds.

The iterative calculations on personal computers are not very time
consuming, usually taking only few seconds; but often due to the pres-
ence of multiple minima for the objective function, the final solution is
strongly affected by the choice of the initial values for the modal para-
meters and usually adjustment of initial values or weighting parameters
of the objective function is required to reach to acceptable outputs. The
analytical inverse methods presented in this paper avoid problems of it-
eration using closed-form equations for calculation of unknown modal
parameters without relying on initial impact tests, however, via a mode
weighting matrix, they allow choosing a single mode, similar to Ref.
[26], or axisymmetric spindle modes, similar to Refs. [23,24]. They are
also much faster due to avoiding iteration (as presented in appendix B).
This is important for adapting these solutions for systems that have lim-
ited calculation capacity or need an extremely fast response without hu-
man intervention, e.g. in real-time adaptive machining control.

The remainder of this manuscript is structured as follows: In section
2, dimensionless parameters are introduced and using them, two closed

form methods, the two-point method (TPM) and the regression method
(RM), are developed. In section 3, these methods are examined in ex-
perimental studies. Finally, the strengths and limitations of these meth-
ods are discussed and summarized. A nomenclature is provided as Table
1. Appendix A presents special cases that have simple parameter rela-
tionships. In Appendix B, a time domain simulation is used to study the
performance of the presented methods and compare them to few itera-
tive methods. Appendix C presents an error evaluation for the regression
method.

2. Dimensionless parameters and analytical identification
methods

In this section, two key dimensionless parameters are introduced,
and their relationships are developed. After that, two analytical meth-
ods are presented for extraction of damping ratio and natural frequency
using mentioned parameters. Subsequently, in 2.4 and 2.5 complement-
ing methods for stiffness and stability lobe calculations are presented.

2.1. Structure's phase ratio (q) and phase shift factor (ξ)

The characteristic equation using Zero Order Approximation (ZOA)
by Altintas and Budak [8] is shown with slightly different symbols as:

(1)

This characteristic equation relates stability of the process to the
depth of cut (a), tooth passing delay (τ), average directional coeffi-
cient matrix (D), and Φ the matrix of force-displacement transfer func-
tions in the feed (X) and cross-feed (Y) directions. Here represents the
imaginary unit and ωc represents vibration frequency at the threshold
of stability. The average directional coefficient matrix D depends only
on the entry and exit angles and radial/tangential cutting force coeffi

Table 1
Nomenclature.

Symb. Unit Description

1D Chatter from a single direction mode
2D Chatter from an axisymmetric mode
SLD Stability Lobe Diagram
DOC m Depth of Cut (any cutting condition)
RM Regression Method
TPM Two-Point Method
X, Y Feed and cross-feed directions
D - Average directional coefficient matrix
W – Mode weighting matrix
K N/m Modal stiffness at cutting edge

Pa Force coeff. in radial and tangential dir.
kr – The ratio between Kr and (
Nz – Number of cutting edges on a milling cutter
a m Depth of cut at a threshold of stability
l – Lobe number= ⌊ωc/ωt⌋
j – Imaginary unit (= )
n Spindle speed
q – Structure's phase ratio
r – Frequency ratio (r = ωc/ωt)
u rad/s Parameter calculated from ωc and q
v s/rad Parameter calculated from ωc and q
Φ m/N Receptance matrix in the XY coordinate system
α s2/rad2 Slope in the regression method
β s/rad Intercept in the regression method

Least square estimates of α and
ζ – Damping ratio
ξ – Phase shift factor
ϕ m/N Receptance (Freq. Response Function)
ωn rad/s Natural frequency
ωc rad/s Chatter (vibration) frequency
ωτ rad/s Tooth passing frequency
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cient ratio (kr). The elements of this matrix, , are defined at
Ref. [8].

(2)

The receptance matrix Φ, close to a dominant mode, is approximated
by a single mode's response, ϕ , multiplied to a weighting matrix of con-
stant elements W2×2:

(3)

A single mode's response in the frequency domain, ϕ, using fre-
quency ratio r = ωc/ωn, damping ratio and modal stiffness K is calcu-
lated as:

(4)

The delay period is related to the tooth-passing frequency as:

(5)

The tooth passing frequency ωt for an equal pitch tool with Nz cut-
ting edges, rotating with a spindle speed n [rev/min] is calculated as:

(6)

Considering Eq. (5), the delay term in Eq. (1) becomes:

(7)

The ratio ωc/ωt could be separated into an integer part (l∈ℕ0) and a
reminder (ξ):

(8)

The symbol ⌊⌋ denotes the floor function. The integer part, l, is com-
monly known as the lobe number. The reminder ξ, (0 ≤ ξ < 1) is named
the “phase shift factor” in this paper. With this parameter, the delay
term of the characteristic equation is expressed as:

(9)

Since l∈ℕ0, e − j2πl = 1. This and Eq. (3), further simplifies the char-
acteristic equation, Eq. (1) into:

(10)

The characteristic equation is comparable with the eigenvalue equa-
tion for the DW matrix:

(11)

Since DW is a 2×2 matrix, it has two eigenvalues; comparing Eqs.
(10) and (11) for a nonzero eigenvalue results in:

(12)

According to Euler's formula and double-angle formulas:

(13)

On the other hand, eigenvalue λ is described by its real and imagi-
nary parts:

(14)

From Eqs. (12)–(14) it is concluded that:

(15)

Since NzaKt/4πK is a positive real number, the right side of the equa-
tion is real too. To achieve this, the ratio between the real and imagi-
nary parts of the numerator and denominator (their phases) should be
equal:

(16)

The left-hand side of Eq. (16) includes two unknown variables, r, and
ζ for a system with unknown dynamic parameters, but the right-hand
side, has only parameters that can be calculated with known cutting
conditions (i.e. entry and exit angles), force coefficient ratio (kr), mode
weighting matrix (W) and the ratio between the tooth passing frequency
and vibration frequency (that results in ξ). The right side of Eq. (16) is
a dimensionless parameter that is defined here as the “structure's phase
ratio”, q:

(17)

Considering the definition of q and Eq. (16), the following relation-
ship is established:

(18)

Considering Eq. (17) and Eq. (18), Eq. (15) is simplified to present a
relationship between the depth of cut, stiffness, cutting force coefficient
and the number of flutes, in addition to ξ, λR, λI:

(19)

Out of the two eigenvalues for the 2×2 DW matrix, the eigenvalue
corresponding to a smaller positive depth of cut (a) dominates the sta-
bility boundary and is used in subsequent calculations.

2.2. Two-point method (TPM)

The Two-Point Method (TPM) calculates the unknown modal para-
meters using chatter frequencies at the stability threshold at two differ-
ent spindles speeds. Chatter frequencies ( and ωc2) at spindle speeds
of n1 and n2 corresponding to the depth of cuts a1 and a2 are extracted
from experiments. Tooth passing frequencies (ωt1 and ωt2) are calcu-
lated using Eq. (6). Phase shift factors (ξ1 and ξ2) are then calculated
using Eq. (8). By substituting r1 and r2 (the frequency ratios in threshold
conditions 1 and 2) in Eq. (17), the following relationships are obtained:

(20)

After calculating ξ1 and ξ2, q1 and q2 on the left-hand side are calcu-
lated using Eq. (18). The unknown variable ζ is canceled out by dividing
the two equations in (20) into each other, and replacing r1 = ωc1/ωn
and r2 = ωc2/ωn, where ωn is the natural frequency, and solving for ωn:

(21)
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Note that a solution is feasible only when q2ωc2≠q1ωc1 and
(q2ωc1 − q1ωc2)⁄(q2ωc2 − q1ωc1) > 0. After calculating ωn, r1 is calcu-
lated considering ( and the damping ratio is calculated us-
ing Eq. (17):

(22)

The flowchart of this algorithm is shown in Fig. 1a. The correspond-
ing equations are listed in Table 2.

2.3. Regression method (RM)

The linear regression method (RM) can combine vibration frequency
information from multiple stability threshold conditions. This reduces
the effect of measurement noise on calculated parameters. Considering
that , the following relationship is obtained from Eq. (17):

(23)

Fig. 1. Flowcharts summarizing a) the two-point method (TPM), b) the regression method
(RM), and c) the stability lobe calculation. Symbols A, B, …represent equations presented
in Table 2.

Table 2
Key equations used in flowcharts in Fig. 1.

Symb. Description Equation

A (8) & (6)
B q(r,ζ) (17)
C q(ξ) (18)
D (21)
E (19)
F (27)
G (30)
H (28)
L (24)
P (26)

After following replacements,

(24)

equation (23) is transformed into a linear relationship between v and
u, with a slope (α) and an intercept (β):

(25)
v and u are calculated for each threshold condition using Eq. (24),

then α and β could be estimated using the least-squares fitting, with
and representing these estimates. Using Eq. (24), the natural fre-

quency ωn is directly calculated from , and with a known the damp-
ing ratio ( is calculated from :

(26)

The flowchart of the RM is presented in Fig. 1b. Note that when the
RM is employed for only two input conditions, it produces identical re-
sults as the TPM.

2.4. Stiffness calculation

After calculating the damping ratio ζ and the natural frequency ωn ,
which leads to the calculation of ri, Ki (stiffness corresponding to each
threshold condition with the depth of cut ai) is calculated using Eq. (19):

(27)

Ideally, all these stiffness values should be equal to a unique stiffness
value (K); in practice however, different threshold conditions result in
different Ki values due to the measurement noise and inaccuracy. An av-
erage value is calculated consequently, as shown in Fig. 1; for both TPM
and RM.

2.5. Stability lobe calculation

Stability lobes are sets of threshold of stability depth of cuts and
corresponding spindle speeds. For any appropriate phase shift ratio,
0 < ξ < 1, the corresponding spindle speeds (in rev/min), with various
integer lobe numbers (l∈ℕ0) are calculated using the following equa-
tion, which is obtained from Eqs. (8) and (6):

(28)

r(ξ) in Eq. (28), could be obtained using the definition of q, since:

(29)
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This second order equation has only one positive solution, resulting
in the ratio r:

(30)

Note that q(ξ) is calculated using Eq. (18). Using Eq. (30) and Eq.
(19) the corresponding depth of cut is calculated. The flowchart of this
algorithm is presented in Fig. 1c. As mentioned before, the key equa-
tions in this figure are listed in Table 2.

3 . Experimental results

The developed methods are examined in chatter tests with a
four-flute solid carbide end-mill and another three-flute insert tool. A
third set reported by Grossi et al. [23] is also investigated.

3.1. Slot milling with a four-flute solid end mill

This experiment consists of full-engagement milling of aluminum
7075-T651, 1000×240×25mm plates with a four-flute tungsten-car-
bide equal-pitch 10mm diameter end-mill, part # 1P222-1000-XA 1630
with a flute helix angle of 35° and a radial rake angle of 9° from Sand-
vik Coromant. The tool was mounted on a DMC 160 FD duoBLOCK
machine tool using Capto® C8-391.01R-80 06 (a 100mm extension),
C8-MEGA20D-100 holder and 393.CG-201052 (a size 20 cylindrical col-
let with an inner diameter of 10mm), with a 40mm stick-out as shown
in Fig. 2.

The mounted tool's dynamic flexibility (receptance) was measured
with a Dytran 3225F1 accelerometer and a Dytran 5800B4 hammer
with an aluminum tip and plotted in Fig. 3. Modal parameters for the
two most flexible modes were extracted from these tests and listed
in Table 3. Cutting coefficients, measured in stable cutting conditions,
were 214 MPa for and 1110 MPa for Kt (i.e. kr =0.22).

Fig. 2. Tool setup with the four-flue carbide end mill.

Fig. 3. Dynamic Flexibility of the 4-flute tool.

Table 3
Modal parameters for the 4-flute end mill.

Mode #1 Mode #2

ωn/2π
(Hz)

ζ
(%)

K (MN/
m)

ωn/2π
(Hz)

ζ
(%)

K (MN/
m)

Feed (X) 3890 1.96 22.6 4182 1.70 15.4
Cross-Feed

(Y)
3872 2.20 23.4 4127 1.77 25.1

During cutting tests, acceleration on spindle housing was measured
by another Dytran 3225F1 accelerometer, oriented to measure the vi-
brations in the feed direction. A Shure PG81 microphone inside the
machine's enclosure recorded sound pressure. Both signals were col-
lected simultaneously at 50kHz. After initial modal tests and few trial
cuts, fourteen different depth of cuts, between 0.2mm and 1.2mm
were tested at 21 spindle speeds between 5500 and 6500rev/min on
one workpiece and additional 21 spindle speeds between 8500 and
9500rev/min, on a separate workpiece (see Fig. 4). A CNC program
was created using a computer script to generate needed feeds, speeds,
movements and pauses (for signal seperation) for each workpiece. Feed
was kept at 0.08 mm/tooth at each spindle speed and the workpiece
was machined for at least 0.85 s corresponding to a frequency reso-
lution of 1.2Hz in Discrete Fourier Transform (DFT) of signals. The
5500–6500rev/min test took about 28min and the 8500–9500rev/
min test took about 22min. The DFT of recorded signals were used
to separate stable and unstable conditions and to find dominant vi-
bration frequencies at unstable conditions. In addition, the workpiece
surface showed distinct features for stable and unstable cutting con-
ditions. In total 21 boundary points were identified for each spindle
speed range. Spindle speeds, depth of cuts and chatter frequencies at
these threshold points, along with raw impact test results are reported
at [dataset] [28]. An example of the workpiece surface (photo along
with roughness maps of the surface replicas) is shown in Fig. 4, for spin-
dle speeds of 8900 and 8950rev/minat depth of cuts of 0.35–0.45mm
which shows a notable difference between conditions deemed stable
versus those deemed chatter. In Fig. 5, for cutting at the depth of cut
of 0.40mm, time domain sound pressure and acceleration at the spin-
dle housing are shown in frames (a) and (b) for 8900rev/min and in
frames (e) and (f) for 8950rev/min respectively. Furthermore, DFTs of
sound signal during machining, is presented in Fig. 5 (c) and (g), show

Fig. 4. Workpiece after chatter tests in spindle speeds of 8500–9500rev/min. The detail
view shows the surface quality along with corresponding surface roughness maps at depth
of cuts between 0.35 and 0.45mm and spindle speeds of 8900 and 8950rev/min.
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Fig. 5. Sound pressure and acceleration, in time and frequency domains for stable cutting
at 8900rev/min (frames a-c) and chatter condition at 8950rev/min (frames e-h), both at
the depth of cut of 0.4mm.

ing a 10.6 times increase in sound pressure component in frequencies
around 4kHz. DFT of acceleration is first converted to DFT of velocity,
since vibration energy is distributed proportional to the square of veloc-
ity, and the results are presented in Fig. 5 (d) and (h); which show a 3.5
times larger vibration velocity (more than a tenfold increase of vibra-
tion energy) at frequencies around 4kHz for cutting at 8950rev/min.

A point, such as (8950 rev/min, 0.4mm) is considered a chatter
boundary when it shows a notable increase in vibration amplitude in
certain frequencies compared to the neighboring conditions. The vibra-
tion velocity in the stable condition had notable vibration amplitudes
for frequencies below 300Hz (the spindle frequency is approximately
150Hz), but these peaks are considered the results of forced vibrations
due to the spindle rotation.

The identified values by the TPM (histogram) and RM, with both the
2D axisymmetric assumption and with the 1D assumption are presented
in Fig. 6. 2D axisymmetric assumption means that the 2×2 identity
matrix is used for the mode weighting matrix W. The 1D assumption
proves unsuitable for this structure, and often indicates negative (un-
realistic) values for the damping ratios with either TPM or RM. Note
that the TPM-1D is identical to the method by Kruth et al. [26]. The
TPM with the 2D axisymmetric assumption identifies the natural fre-
quency with 0.8% and 0.7% standard deviation (relative to the median
value) with median values of 4124Hz and 4010Hzat 5500–6500rev/
min and 8500–9500rev/min ranges respectively, which are again close
to those predicted by the RM (4103Hz and 3998Hz) and notably lower
than the result of the impact test, at 4182Hz. Both methods indi-
cate a decreasing natural frequency at higher spindle speeds. A simi-
lar trend has been also observed at [23,25]. Damping ratio with the
TPM (median) and RM are higher than those measured by the impact
test and while the stiffness values for these two methods with 2D as-
sumption at the lower speed range (10.63 and 8.90MN/m) are no-
tably lower than that obtained by the impact test (15.40MN/m), the
values for this parameter approach to the impact test results at the

Fig. 6. Histograms of values calculated with the TPM. Presented standard deviations (std)
are for the 2D assumption. Values from the impact test and the RM are also presented.

higher speed range, reaching 15.93 and 16.21MN/m for the TPM (me-
dian) and RM respectively.

Experimental stability results and stability lobes predicted using im-
pact hammer tests on stationary spindles with conventional methods,
i.e. Zero Order Approximation [8] and the multi-frequency method
(MFM) [29] with second-order truncation are provided in Fig. 7. These
stability lobes are to the right-hand side of the experimental stability
lobes, due to ignoring the in-process reduction of natural frequencies.
This causes a notable gap between the experimental results and the im-
pact test predictions, most notable between spindles speeds of 8900 and
9300rev/min. The SLD's calculated using TPM (median) and the RM are
also presented in Fig. 7. These SLDs are both successful in matching the
experimental boundary; except for predicting a 70Hz lower chatter fre-
quency at the spindle speeds of 8500 and 8550rev/min compared to the
experiment. Dispersion of results using the TPM method indicates the
limitations in the calculation of damping ratio and stiffness values when
only two input measurements are used.

At spindle speeds of 8500–8800rev/min, depth of cut plots with RM
and TPM show some disagreement with the experimental results. The
impact test stability lobes in this region show presence of two modes in
this region, and the simplification of consideration of a single mode in
the TPM and RM methods could be the reason behind this limitation.

3.3.1. Cutting force ratio inaccuracy
The radial/tangential cutting force ratio (kr) is needed for the calcu-

lation of eigenvalues of the DW matrix and consequently it affects the
q(ξ) relationship according to Eq. (18). kr is affected by the rake angle
or the material properties (e.g. see Ref. [30]), and may not be readily
available for a tool-workpiece combination. To investigate this, in addi
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Fig. 7. Experiment results and SLDs from ZOA and Multi-Freq. methods, and TPM and RM
with axisymmetric (2D) assumption.

tion to kr = 0.22, assumed values of 0.40 (+82% deviation) and 1
(+354% deviation) are used for identification with the RM including all
boundary points at both low and high spindle speed ranges. The results
are reported in Table 4, with the deviation of identified values shown
inside the parenthesis. These results show a rather small change in the
identified natural frequency, but much larger deviations are resulted in
damping ratio and stiffness values. Corresponding SLDs are presented in
Fig. 8, where the kr = 0.4 (+82% deviation) creates a SLD close to the
original one, but kr = 1 (+354% deviation) leads to a significant devi-
ation of the predicted SLD.

Table 4
Effect of using different cutting force ratio on calculated parameters (values in parentheses
show changes compared to the value with correct value).

5500–6500rev/min 8500–9500rev/min

ωn
(Hz)

ζ (%) K (MN/
m)

ωn (Hz) ζ (%) K (MN/
m)

0.22 4103 3.8% 8.9 3998 2.2% 16.2
0.4

(+82%)
4084
(-0.5%)

3.1%
(-17%)

11.1
(25%)

4002
(0.1%)

1.8%
(-17%)

20.7
(28%)

1
(+354%)

4060
(-0.6%)

2.3%
(-28%)

17.1
(54%)

3975
(-0.7%)

2.5%
(38%)

17.6
(-15%)

Table 5
Dynamic parameters for vibration modes of the 3-flute tool, extracted from the impact
test.

Mode #1 Mode #2

ωn/2π
(Hz) ζ (%)

K (MN/
m)

ωn/2π
(Hz) ζ (%)

K (MN/
m)

Feed (X) 1236 4.58% 16.8 1476 4.96% 6.33
Cross-Feed

(Y)
1284 2.33% 22.25 1475 6.10% 5.55

Fig. 8. Effect of inaccurate on SLD prediction.

3.2. Slot-milling with a 3-flute 20mm insert end mill

The second test was performed with a 20mm 3-flute insert end
mill, product R217.69-2020.0-09-3AN, equipped with 3
XOMX090308TR-ME06, F40 M, coated carbide inserts from SECO Tools.
The tool was mounted with a 95mm stick-out on a C8-MEGA 20D-75
holder, as shown in Fig. 9. With this tool, the average cutting coeffi-
cients, Kr and Kc, in stable single tooth cutting tests with the depth of cut
of 1mm and spindle speed of 5000rev/min, at feeds between 0.08 and
0.12 mm/rev, were measured as 342MPa and 855MPa, respectively.
The difference in the cutting coefficients, compared to Section 3.1 is jus-
tified considering the lower helix angle and the negative radial rake an-
gle of this tool. The dynamic flexibility (receptance) of the tool mounted
on the DMC 160 FD duoBLOCK machine is presented in Fig. 10 and the
[dataset] [31]. Two modes in the range of 1000–1500Hz are identified
with their parameters listed in Table 5. As shown in Fig. 10 the real and
imaginary parts of this curve at the range of 1400–1800Hz show a devi-
ation from the response of a simple mode, possibly due to the presence
of a third mode with a higher stiffness.

Slot milling tests were performed at depth of cuts between 0.25 and
1.2mm, with a denser spacing at smaller cutting depths, and 21 spin-
dle speeds, spaced at 100rev/min intervals between 7500 and 9500rev/
min. Note that a denser depth of cut and spindle speed spac

Fig. 9. The 3-flute insert end mill and its holder.
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Fig. 10. Dynamic flexibility of the 3-flute tool (impact hammer test result [31]).

ing was used in section 3.1. Vibration signals were measured and
processed with the same equipment and methods as in section 3.1.

The SLDs predicted by the impact test (ZOA or multi-frequency
methods, shown in Fig. 11) are relatively close to the experimental
boundary (details in the [dataset] [31]) in terms of depth of cut; how-
ever, their vibration frequency curve (included in Fig. 11) is notably far
from the experiment at lower speeds. This shows a different dynamic
behavior of the system during the cutting compared to its behavior dur-
ing the impact test.

The identified 21 boundary points produce 210 possible pairs for the
TPM. With the axisymmetric spindle assumption (2D), i.e. W = I2×2
, a range of SLDs with TPM are created that are presented in Fig. 11;
which shows a notable uncertainty close to the peaks of the SLDs. The
figure also shows the SLD of the RM, with 2D assumption with 21
points. This SLD is relatively accurate for the range of 8000–9500rev/
min, but it is inaccurate in terms of depth of cut at spindle

Fig. 11. Experimental results and identification with the 2D assumption for the 3-flute
tool.

speeds of 7500–7900rev/min. The corresponding u − v values, fit well
to a linear regression curve, with a coefficient of determination of
99.99% as shown in Fig. 12.

The effect of increasing the number of input conditions (points) with
the RM is presented in Fig. 13. The change of parameters is studied
as input points are added to a central point at the spindle speed of
8500rev/min alternatingly from the higher and lower spindle speeds
to cancel out the effect of change of average spindle speed. The esti-
mated natural frequency value is very close (within ±1%), to its final
value even with 2–3 points, and it gets much closer with 5 or more data
points. On the other hand, damping ratio and stiffness parameters reach
to the ±50% of their final value, after inclusion of 4 and 13 points re-
spectively; which points to the difficulty of accurate estimation of these
parameters.

As shown in Fig. 13, the values for the in-process natural frequency,
identified by the RM or TPM are higher than both modes identified
with the impact hammer test (Table 5). This trend is against the com

Fig. 12. u-v plot and regression line.

Fig. 13. Increasing the number of points involved in the RM, for the 3-flute insert tool,
tolerance bands are plotted around the values from 21-point RM, 2D assumption.
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monly observed trend of reduction of natural frequency with increase of
spindle speed.

3.3. Experiment by Grossi et al. [23]

In Ref. [23] experimental results including depth of cut and vi-
bration frequencies in threshold conditions, collected using Spindle
Speed Ramp-up (SSR) method are presented for slot machining of alu-
minum with an 8mm two-flute end mill at a spindle speed range
of 13000–30000rev/min. These threshold conditions cover 7 distinct
lobes, numbered from 1 to 7 from low speeds to high speeds. The cor-
responding cutting force coefficients at multiple cutting speeds were re-
ported in Ref. [32] which demonstrate a varying cutting force coeffi-
cient ratio with the spindle speed. With these experiments, the parame-
ters extracted using TPM (median of results) and RM, (both with 2D
assumption), are compared to those obtained by the multi-point itera-
tive method of Grossi et al. [23] in Fig. 14. The input cutting conditions
(points) are selected within separate lobes and the resulting identified
values are reported at average spindle speeds of the selected conditions.

The results of both the TPM and the RM follow a similar trend of
reduction of natural frequency and increase of damping ratio as those
obtained from Grossi's multi-point method. However, the damping ra-
tios are persistently lower than those reported by Grossi (about 1%).
This leads to rather high modal stiffness values for the low spindle speed
ranges, which appear unrealistic. As the spindle speed increases, the
identified stiffness values approach those reported by Grossi. Note that
in Grossi's method, as proposed earlier by Özşahin et al. [25], a fixed
modal value, measured by impact test on stationary spindle speed is as-
sumed and employed; which only allows changes of the stiffness value
corresponding to the changes of the natural frequency.

Stability lobes predicted by the RM are compared to those predicted
by the Grossi's multi-point method and the results of the impact test in
Fig. 15. As this figure shows, both in-process identification methods are
notably better in matching the experimental stability boundaries com-
pared to the impact test on the stationary spindle; and they are rather
close to each other for the lobe with the highest spindle-speed range
(2.6-3×104 rev/min). However, the results of the RM remain closer
to the experimental points, in terms of both depth of cut and vibra-
tion frequency, while notable deviations in frequency are observed for
the Grossi's multi-point method at lower spindle speeds. This is explain-
able since in the iterative methods a higher weight could be given to
bringing the depth of cut (and not vibration frequency) predictions close
to their experimental values. As mentioned earlier, for lower spindle
speed lobes, RM estimates a very low damping ratios that lead to very
high modal stiffness values, and consequently very large modal mass

Fig. 14. Comparison of natural frequency, damping ratio and stiffness identification using
the TPM, RM and the iterative method by Grossi et al. [23].

Fig. 15. SLDs from impact test on the stationary spindle, Grossi's multi-point method
([23]) and the RM with the 2D assumption.

values; which are physically unrealistic. One reason for this discrepancy
could be the limited precision of the spindle speed ramp up test (SSR)
in lower spindle-speed ranges where the lobes are located more closely,
relative to the spindle speed steps chosen for the SSR test. The vibra-
tion frequency reported by the SSR method also shows a sharp drop af-
ter 17150rev/min, resulting in lower frequencies for the 17340rev/min
and 17550rev/min points, which is against the expected trend within
a lobe. This may be attributed to very short time-length of the vibra-
tion frequency measurement (3ms as mentioned in Ref. [33]) in the SSR
method that can affect the accuracy of frequency measurement even
though a zero-padding technique is used to improve the frequency res-
olution. In addition, as mentioned by Grossi et al. [23] discrepancies
could also be attributed to the disagreement of the dynamics of the in-
volved two-flute tool and the assumption of having axisymmetric tool
and spindle dynamics.

Application of the two-point method to this data-set shows that
suitable results are mainly possible when there is a minimum spac-
ing between the phase shift factors of the employed points (e.g.

) and when the phase shift factors are sufficiently away
from zero (e.g. ξ1 and ).

4. Discussion

In this paper theoretical background for TPM and RM for analyti-
cal in-process identification of the modal parameters in milling chat-
ter are presented. Their performance is compared to experimental re-
sults and other methods considering three different experimental setups.
These results show the capability of the introduced methods for cap-
turing the in-process changes of natural frequency, damping ratio and
stiffness values at different spindle speeds. While these methods need
information about the cutting force coefficient ratio, it is shown that a
small inaccuracy in this ratio is tolerable. These methods assume con-
stant dynamic parameters for the selected input points, but at the same
time, application of these methods within different spindle speed ranges
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show that the dynamic parameters of the studied machining systems
change due to the spindle speed change.

The axisymmetric dynamics assumption was suitable for all of the
three experimental studies; however, some disagreements with the ex-
perimental results were noticed for the 3 flute-insert tool, probably due
to the presence of an additional mode with much higher stiffness. This
test is also the only one where the natural frequency increases compared
to the impact test. In case of the results of the SSR test, in the low-speed
lobes, possibly due to a deviation from axisymmetric dynamics consid-
ering the use of a two-flute tool and the limitations of the measurement
method some deviations were noted as well. It is also shown that the ac-
curacy of damping ratio and stiffness could be limited if very few thresh-
old conditions are supplied to the RM and TPM. With the RM a good
estimation of the natural frequency could be obtained from as few as
two threshold conditions, but to gain an accurate estimation of damping
ratio, five or more input points are recommended; even more points are
needed for accurate estimation of the stiffness.

The relationships between the normalized values presented in this
paper are based on the Zero-Order Approximation that is most accurate
for the large immersion milling, i.e. machining with large width-of-cut
to tool diameter ratio. For low width of cut conditions, alternative
paths of simulation of cutting systems with more accurate methods, e.g.
multi-frequency method [29] or semi-discretization method [9] are suit-
able. Since it is shown that relationships independent of natural fre-
quency, damping ratio and stiffness could be established between the
key-dimensionless parameters, one could start from initial guesses for
unknown parameters, simulate resulting stability lobe diagrams with
those accurate methods for a range of spindle speeds and then obtain the
q(ξ) relationships as a fitted curve for use with the regression method.
Implementation of such approaches are left for future research.

Furthermore, machining systems can suffer from chatter originating
from multiple vibration modes, and fixing a chatter problem originating
from one mode, can lead to facing chatter originating from another vi-
bration mode. In cases where different vibration modes are sufficiently
separated, it may be possible to cluster threshold conditions with simi-
lar vibration frequencies in groups and apply the RM within these sep-
arate groups and calculate a composite stability lobe diagram consider-
ing the SLDs of different groups. Exploring this approach and the more
challenging situation of very close modes is also left for future research.

Finally, the discussed methods need test points at the threshold of
stability, which still requires many cutting tests at different spindle
speeds and depth of cuts. While methods such as spindle speed ramp-
ing [33] or a recent hybrid approach [34] simplify detection of these
points, considering the practical applications, it is desirable to develop
algorithms that can use measurements from unstable (chattering) condi-
tions even far from the threshold of stability.
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Appendices

Special cases for q(ξ) are discussed in Appendix A and a further study
using numerical simulation is presented as appendix B. Appendix C pre-
sents a study of precision of estimates in RM using the confidence inter-
val concept.

Appendix A. Special cases

Studying the relationships in special cases helps to identify some
of the key parameters affecting the q(ξ) relationship. The additional
needed symbols are listed in Table A 1.

Table A. 1
Nomenclature for appendix A.

Symb. Unit Description
e1 – The unit vector in the dominant mode's vibration direction in

the XY plane
e2 – The unit vector normal to e1 in XY plane
Fxy, N Force vector described in the XY coordinate system
Fe1e2 N Force vector described in the e1e2 coordinate system
Δxy m Displacement vector in the XY coordinate system

m Displacement vector in the e1e2 coordinate system
– Mode weighting matrix in the e1e2 coordinate system

θ rad Angle between e1 and

A.1. Axisymmetric tool/spindle dynamics, slot milling

For axisymmetric systems, the mode weighing matrix W is replaced
by the 2×2 identity matrix (I2×2). Furthermore, in the case of slot
milling, replacement of corresponding entry and exit angles, by 0 and π
respectively, simplifies the average directional coefficient matrix D:

(31)

This leads to the following result for the eigenvalues of the DW ma-
trix:

(32)

Using these eigenvalues with Eq. (19) shows that the eigenvalue with
the positive imaginary part, i.e. λ = π( − kr + 1j), dominates the stabil-
ity lobes. With this eigenvalue, the relationship for q(ξ), Eq. (18), be-
comes:

(33)

This clearly shows the effect of the radial cutting force coefficient ratio
(kr) on the q(ξ) relationship.

A.2. A single mode of workpiece/fixture or machine tool frame

For systems with a single dominant mode, first the e1e2 coordinate
system is constructed with a unit vector e1, oriented along the dominant
mode at an angle θ with respect to the feed direction (X). The unit vec-
tor e2 is normal to the e1 in the XY plane. Such a system is depicted in
Fig. A 1.
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Fig. A 1. A system with a single dominant mode at angle θ.

The weighting matrix for the XY coordinate system can then be cal-
culated by using the coordinate transformation matrix between the e1e2
and XY coordinate systems, shown as T:

(34)

Multiplying this matrix from left to any force vector in the XY plane
(such as ) transforms it to a force vector in the e1e2 coordinate sys-
tem.

(35)

Since the vibration mode is oriented with the unit vector e1, the
force-displacement transfer matrix in the e1e2 coordinate system is de-
scribed as:

(36)

Corresponding displacement vector in the e1e2 is obtained as:

(37)

The displacement vector in the XY coordinate system (Δxy) is ob-
tained by premultiplying the inverse of the T matrix (T − 1 = TT) to
Δe1e2:

(38)

This shows that the mode weighting matrix in the XY coordinate sys-
tem is

(39)

One eigenvalue of the DW matrix is zero due to its reduced rank.
Direct solution of the eigenvalue equation, with the elements of the D
indicated as , ..., produces the other eigenvalue for the DW ma-
trix as:

(40)

This eigenvalue is a real number, (i.e. λI = 0), consequently, Eq.
(18), the q(ξ) relationship, is simplified to:

(41)

Unlike the relationship in Eq. (33), this relationship is independent
of the cutting force coefficient ratio (kr). Kruth's method [26] is identi-
cal to the use of this relationship with the TPM.

Appendix B. Time-domain simulation study

To evaluate the developed methods with ideal conditions, a time do-
main simulation is used. The system is assumed to have identical dy-
namics in the feed and the cross-feed directions, i.e. a 2D system. As-
sumed dynamic parameters and cutting force coefficients are listed in
Table B 1.

Table B. 1
Parameters for the time-domain simulation.

ωn/2π (Hz) ζ K (MN/m) Ktc (MPa) Krc (MPa) Nz

4000 2.00% 100 1110 242 4

The stability lobe diagram by the Zero Order Approximation for slot
milling is almost identical to the one predicted using the Multi-Fre-
quency method as shown in Fig B 1. Eight conditions at three different
spindle speeds of 5500, 5700 and 5950rev/minat depth of cuts shown
in Fig B 1 and Table B 2 are simulated. The depth of cuts at conditions
(or points) 1, 3 and 5 are just 1% above the threshold of stability but
the remaining conditions have depth of cuts further above. The depth of
cut at point 8 is furthest away (44%). The time domain simulation, con-
sidering nonlinearity of the tool jumping out of the cut, is performed for
cutting times of 10 s, corresponding to a frequency resolutions of 0.1Hz,
with a time step of 12.5 μs (20 times smaller than the natural period of
the flexible mode). The vibration frequency is extracted for these condi-
tions using Fast Fourier Transformation (FFT) of the vibration velocity
in the feed direction and presented in Table B 2.

With the TPM, 20 pairs of cutting conditions are possible with dis-
tinct spindle speeds. The correspondingly identified natural frequency,
damping ratio and stiffness for these pairs are presented in Table B
3, using the axisymmetric mode assumption (TPM-2D). As seen in this
table, the natural frequency is identified at −0.003% to +0.014% of
the expected value of 4000 Hz. Damping ratio is identified ranging from
1.978% to 2.016% instead of 2.00%, corresponding to a variation be-
tween −1.11% and 0.78% of the expected value of 2.00%. Stiffness is
identified from 103 MN/m to 136 MN/m instead of the expected 100
MN, i.e. a range of 3%–36% of the expected value. The worst case in
stiffness identification is due to the use of points 4 and 8, which are 20%
and 44% above the stability lobe diagram respectively. Due to such dif-
ferences, a range of stability charts is identified using the TPM as shown
in Fig B. 1, with the lower bound of this range coinciding with the an-
alytical stability lobe diagrams obtained using multi-frequency and sin-
gle frequency methods. The use of a single directional mode assumption
with the TPM (1D-TPM) leads to a stability lobe that fails to match the
analytical predictions, as shown in Fig B. 1 .

The results of the time domain simulation study show that the TPM
and the RM, are successful in the identification of natural frequency
and damping ratio but the precision of the identified stiffness values re-
duces if information from cutting conditions (depth of cuts) far from the
threshold of stability is supplied to these algorithms.

Table B. 2
Cutting conditions (points) for time domain simulation, and corresponding vibration fre-
quencies.

Point
Index

Spindle Speed
(rev/min)

DOC
(mm)

DOC above SLD
(%)

Vibration Freq.
(Hz)

1 5500 3.12 1% 3945.6
2 5500 3.46 12% 3945.8
3 5700 1.82 1% 4006.4
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4 5700 2.16 20% 4006.7
5 5950 3.30 1% 4087.8
6 5950 3.64 11% 4088.0
7 5950 4.00 22% 4088.1
8 5950 4.72 44% 4088.0

Table B. 3
Identified values for different combinations using TPM, 2D assumption.

1st
point 2nd point

3 4 5 6 7 8

(Hz)
1 3999.95 4000.40 4000.05 4000.24 4000.34 4000.24

2 3999.99 4000.44 4000.29 4000.48 4000.58 4000.48
3 3999.93 3999.89 3999.86 3999.89
4 4000.47 4000.43 4000.41 4000.43

ζ (%) 1 1.991% 2.007% 1.994% 2.001% 2.005% 2.001%
2 1.978% 1.994% 1.989% 1.996% 1.999% 1.996%
3 1.997% 2.009% 2.016% 2.009%
4 1.984% 1.997% 2.003% 1.997%

K (
)

1 103 111 103 108 113 125

2 109 117 108 113 119 130
3 103 108 114 125
4 114 119 124 136

The regression method with points 2, 4, 8 estimates a natural fre-
quency of 4000.44Hz, damping ratio of 2.00% and stiffness of
112.2MN/m, as shown in Table B 4. The time durations to perform cal-
culations on a Dell Latitude E7240 computer are also presented in this
table. The results for iterative methods proposed by Suzuki et al. [24]
and Grossi et al. [23], implemented using the Levenberg–Marquardt
(LM) algorithm and Matlab® fsolve nonlinear solver, are also presented
in Fig B. 1 and Table B 4. The Suzuki's method, having 3 unknown vari-
ables, compared to 2 unknown variables used in the Grossi's method,
is not successful with the LM algorithm and the selected initial val-
ues; however, the frequency prediction improves if an objective func-
tion weighting parameter of 0.5 is used instead of 0.2. The iterative
methods also need notably longer time for calculation (136 and 391ms
for Suzuki's method, and 1700ms for Grossi's method) compared to the
3.2ms (max) used for the TPM and 26.1ms used for the RM with 8
points. The significant reduction of the calculation time in analytical
methods (TPM and RM) is due to avoiding iterative calculations.

It is notable that while the precision of damping ratio estimation was
limited in the experimental studies, a very high accuracy for this pa-
rameter was achieved when time domain simulation results were used
with both TPM and RM. This behavior could be explained noting the
idealizations that were present with the time domain simulation, in con-
trast to the real machining systems. The damping behavior of the time
domain simulation completely followed the viscous damping model, the
modal properties were strictly constant across various depth of cuts and
spindle speeds, the structure was axisymmetric and the vibration was
unaffected by other, possibly non-axisymmetric modes. The simulated
time was also sufficiently long leading to a high frequnecy resolution.
Furthermore, with the time domain simulation the spindle speed could
be kept precise and constant, while often CNCs provide a limited accu-
racy and precision in spindle speed. Finally, the tool had no run-out,
while in practice few micrometers of run-out is expected with common
spindle-tool-holder assemblies.

Table B. 4
Identification results and needed time with various methods.

Method Note
ωn/2π
(Hz)

ζ
(%)

K
(MN/m)

Calc. time
(ms)

Suzuki et al. [24] Initial value 4200.00 5.00% 50 –
α =0.2 9503.20 5.21% 51.6 391
α =0.5 4369.27 5.07% 50.5 136

Grossi et al. [23] Initial value 4200.00 5.00% – –
Optimized 3974.01 2.70% 98.7 1700

TPM, 2D Lowest 3999.86 1.98% 101.6 0.017
Highest 4000.58 2.02% 133.6 3.2

RM, 2D All points 4000.19 2.00% 115 26.1
(2,4,8) 4000.44 2.00% 127 9.75

Fig. B. 1. : SLDs from ZOA and Multi-Frequency methods, prediction of the RM and the
range of predictions with the TPM.

Appendix C. Regression Errors

The precision of α and β estimation in Regression Method (RM)
could be evaluated using 95% confidence intervals for these coefficients
[35]. These confidence intervals are calculated using Student's t in-
verse cumulative distribution corresponding to the selected confidence
interval multiplied to the standard error of the estimated coefficients.
These intervals were calculated using “coefCI()” function of MATLAB
and presented in Table C 1 for both speed ranges of 5500–6500rev/
min and 8500–9500rev/min of the experiment described in
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section 3.1, for a case with selection of 6 points in regression (with point
indices 1,5, 9, 13, 17, 21) and all 21 points. As the table shows, the 95%
range for the regression slope (α) is narrow. With only 6 points, the re-
gression slope consequently determines the natural frequency in a range
about ±1.1% of the mean value of 4111Hz for the 5500–6500 rev set,
and ±0.4% of the 4000Hz for the high spindle speed set. These ranges
become even narrower if all 21 points are employed, becoming ±0.2%
and ±0.1% of the average values of 4103Hz and 4004Hz for the
low-speed and high-speed sets consequently; which shows the high pre-
cision in the in-process natural frequency extraction. On the other hand,
the range for the intercept β, is wide and consequently, to be in the 95%
confidence interval a large range should be allowed for the damping
ratio values, particularly with only six points in regression where the
range becomes rather wide (−0.3%–6.8%) and (−0.5%–6.3%), respec-
tively for the low speed and high speed ranges. Negative damping ratio
is obviously unacceptable due to the physical laws. These ranges how-
ever become narrower (2.3%–5.3%) and (1.2%–3.2%) respectively, if a
21-point regression is used.

Table C. 1
Lower Limit (LL) and Upper Limit (UL) for regression coefficients, and corresponding es-
timates for natural frequency and damping ratio in different spindle speed ranges with 6
and 21 points, for a confidence interval of 95%.

# of
points ζ (%)

5500–6500rev/min 6 LL 5.8E-08 −7.3E-07 4067 −0.3%
Mean 5.9E-08 7.8E-06 4111 3.2%
UL 6.0E-08 1.6E-05 4157 6.8%
± 1.3E-09 8.6E-06 46 3.6%
±
(%)

±2% ±109% ±1.1% ±110%

21 LL 5.9E-08 5.6E-06 4094 2.3%
Mean 5.9E-08 9.2E-06 4103 3.8%
UL 6.0E-08 1.3E-05 4113 5.3%
± 2.8E-10 3.7E-06 10 1.5%
±
(%)

±0.5% ±39.6% ±0.2% ±40%

8500–9500rev/min 6 LL 6.2E-08 −1.2E-06 3985 −0.5%
Mean 6.3E-08 7.2E-06 4000 2.9%
UL 6.3E-08 1.6E-05 4015 6.3%
± 4.6E-10 8.5E-06 15 3.4%
±
(%)

±0.7% ±116.7% ±0.4% ±117%

21 LL 6.2E-08 2.9E-06 3992 1.2%
Mean 6.3E-08 5.5E-06 3998 2.2%
UL 6.3E-08 8.0E-06 4004 3.2%
± 1.8E-10 2.6E-06 6 1.0%
±
(%)

±0.3% ±46% ±0.1% ±47%

Appendix E. Supplementary data

Supplementary data to this article can be found online at https://
doi.org/10.1016/j.ijmachtools.2019.04.003.
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