
 
 

 2019-06-04 
 
 

 

EXAMENSARBETE 
Lantmäteriingenjörsprogrammet 
Institutionen för ingenjörsvetenskap 

A study on the quality of the NKG2015 
geoid model over the Nordic countries 

Jenny Berntsson 



En studie om kvaliteten på geoidmodellen NKG2015 över de nordiska länderna 

i 
 

Acknowledgements 

 
 
I want to thank Professor Mehdi Eshagh, my supervisor, for the idea, theoretical 

developments, time and encouragement he gave me through the work of this thesis. His 

guidance and support made this study possible.  

I would also like to thank Docent Jonas Ågren for providing the GNSS/levelling data over 

the Nordic countries and the information he provided regarding the errors of the NKG2015 

geoid model.  



En studie om kvaliteten på geoidmodellen NKG2015 över de nordiska länderna 

ii 
 

 

 

Sammanfattning 

Geoidmodellen NKG2015 (Nordiska kommissionen för geodesi) är den senaste 

geoidmodellen över Norden. Det har inte publicerats någon forskning om kvaliteten på den 

här nya modellen, därför kan den här studien bidra till forskningen inom ämnet. Det är viktigt 

att vara medveten om begränsningarna och kvaliteten på den geoidmodell som används vid 

mätning av höjder. Om kvaliteten på geoidmodellen inte är känd så kommer kvaliteten på 

höjdmätningarna inte heller att vara känd. Detta kan skapa problem när mätningarna används 

i projekt där precision är viktigt. 

För att undersöka kvaliteten på geoidmodellen NKG2015 har geoidhöjderna beräknade från 

modellen jämförts med geoidhöjder som fås från mätning med metoden GNSS (Global 

Navigation Satellite Systems) /avvägning vid samma punkter. Slutningsfelet mellan 

geoidhöjderna från geoidmodellen och geoidhöjderna från mätningarna har analyserats med 

statistiska metoder. Slutningsfelens normalitet testas och analysen utförs på ofiltrerad data 

samt data som filtrerats med två olika konfidensintervall, 95% och 99,7%. Detta för att 

filtrera bort eventuella avvikande värden. Eventuella trender i datan jämnas ut med en metod 

baserad på minsta kvadratmetoden. Studiens resultat visar att filtrering av slutningsfelen 

generellt gör datan mer normalfördelad, men så är inte fallet för alla länder. I de flesta fall 

förbättras normaliteten även genom att jämna ut trender i datan. I processen med att jämna 

ut trender används en korrigerande yta med ett specificerat antal parametrar. Topografin i 

varje land spelar en stor roll när beslut ska fattas om hur många parametrar som behövs i 

den korrigerande ytan. Länder med höga berg och stora höjdskillnader så som Norge har en 

större osäkerhet i datan och kräver fler parametrar i den korrigerande ytan. Danmark är ett 

land med relativ platt topografi och behöver inte lika många parametrar i den korrigerande 

ytan som Norge för att effektivt jämna ut trender. 

Det finns givna värden på felen för datan som är uppmätt med GNSS/avvägning, dessa fel 

stämmer generellt inte överens med slutningsfelen. För Finland är det givna felet för 

GNSS/avvägning större än det borde vara medan felen för GNSS/avvägning i de andra 

länderna är något mindre än vad slutningsfelen antyder. De givna, uppskattade felen för 

geoidmodellen NKG2015 är 10 mm för Sverige och Danmark, 22 mm för Norge och 12 

mm för Finland. Dessa fel är rimliga men stämmer inte helt överens med de givna felen för 

GNSS/avvägning i relation till slutningsfelen. Under antagandet att de givna felen för 

GNSS/avvägning är korrekta kan följande konfidensintervall uppskattas för geoidfelen; 0-

6,5mm för Sverige, 1,8-5,2mm för Danmark, 14,8-17,7mm för Norge och 0-0mm för 

Finland.
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Summary 

The NKG2015 (Nordic Geodetic Commission) geoid model is the most recent official geoid 

model over the Nordic countries. There has been no previous research published on the 

quality of this model, therefore, this study may be a valuable contribution to the research in 

this area. It is important to be aware of the limitations and quality of the geoid model used 

when measuring heights. If the quality of the geoid is not known, the quality of the measured 

heights will also be uncertain. This might cause problems when the measured heights are 

used in projects where great precision is vital. 

Measured GNSS (Global Navigation Satellite Systems)/levelling data has been compared to 

the computed geoid heights from the NKG2015 geoid model at the corresponding points 

to investigate the quality of this model. The misclosures between the geoid height, obtained 

from the GNSS/levelling data and the geoid heights from the NKG2015 geoid model have 

been analysed by statistical methods. The normality of the misclosures is tested, and the 

analysis is performed on unfiltered and filtered misclosures with confidence intervals (CIs) 

of 95% and 99.7% to remove probable outliers. Trends in the misclosures are removed with 

a least-squares detrending method. The result of the study shows that filtering the 

misclosures generally makes them more normally distributed, but this is not the case for all 

countries. Detrending the misclosures improves the normality in most cases. In this process, 

a corrective surface with a specified number of parameters is fitted to the misclosures to 

remove trends. The topography of each country is very important when deciding which 

corrective surface that should be used in the detrending process. Countries with rough 

topography such as Norway has greater uncertainty in its heights and need a corrective 

surface with more parameters than flatter countries such as Denmark. 

There are some estimates for the errors for the GNSS/levelling data which are not all in 

agreement with the misclosures. The GNSS/levelling error in Finland is greater than it 

should be. The given, estimated errors of the NKG2015 geoid model are 10 mm for Sweden 

and Denmark, 22 mm for Norway and 12 mm for Finland. These errors are reasonable, but 

not in perfect agreement with the given errors of the GNSS/levelling measurements in 

relation to the misclosures. Based on the assumption that the GNSS/levelling errors are 

correct, confidence intervals of the geoid error can be estimated. These estimated intervals 

are 0-6.5mm for Sweden, 1.8-5.2mm for Denmark, 14.8-17.7mm for Norway and 0-0mm 

for Finland. The confidence interval for Finland is not realistic because it is based on the 

assumption that the GNSS/levelling error is correct.  
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1 Introduction 

This chapter explains the background and reason for performing the study and how it can 

contribute to the research in this area. The limitations of the study and the issues addressed 

are also explained and presented in this part of the thesis. 

Sustainable development 

This study can contribute to sustainable development since the results may lead to a more 

conscious use of the new NKG (Nordic Commission of Geodesy) geoid model. By knowing 

the limitations of the precision of the new NKG geoid model, it is possible to create basis 

material for different kinds of analysis with a better reliability since the errors of the basis 

material can be considered. Using the data with knowledge of the errors also prevents costly 

and time-consuming re-measuring of the points. Therefore, it is mainly economical 

sustainability which is supported in this kind of study. 

1.1 Background 

The geoid, also called vertical datum, is an equipotential surface that approximates the mean 

sea level and continues under continents. Gravity value is spatially variable over the Earth, 

mountainous areas do not have the same gravity as valleys do. Therefore, the measurements 

of the Earth’s gravity field and information about the density and height of topographic 

masses can be used for computing a geoid model. The advanced technology of today allows 

for high quality data collection with high spatial resolution; and new geoid models are 

computed as soon as new high-quality gravity data are collected to compute geoid models 

with higher precision. Since the quality of the geoid model affects the quality of the heights, 

a geoid model based on the latest data and technology is valuable. 

Generally, a geoid model is an equipotential surface, which approximates the mean sea level, 

but it is extended under the continents as well. An equipotential surface is perpendicular to 

the direction of the gravity, but since the Earth’s mass distribution is not homogenous, this 

direction changes from one point to another. For example, some parts of the Earth are 

mountainous which huge topographic masses, and some are valley or lakes and so on. This 

means the geoid surface is not very smooth as the gravity value is spatially-variable.   

The geoid can be used for solving levelling problems, which is both time consuming and 

expensive when solved with the levelling technique. It is easier to use GNSS (Global 

Navigation Satellite System) for measuring ellipsoidal height (h), however these heights are 

referred to the reference ellipsoid and not the geoid. Equation (1.1) shows the relation 

between ellipsoidal (h), orthometric (H) and geoid height (N). To calculate one of these 

heights the other two heights are required. Suppose that N is known, therefore, H, can be 

determined once h is measured by a GNSS receiver. This means that instead of using the 

time consuming and costly method of levelling, h can be measured efficiently by using GNSS 

receivers and N is subtracted from it to determine H. This method is called GNSS/levelling 

and is described by Eq. (1.1)  
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𝐻 = ℎ − 𝑁                                                                                             (1.1) 

 

 

Figure 1.1. The ellipsoidal, orthometric and geoid heights. 

 

Background of the NKG2015 geoid model 

The computations of the NKG2015 geoid model are based on gravimetric data and a satellite 

gravity model called GO_CONS_GCF_2_DIR_R51 to degree and order 300. The model has 

been computed using the least-squares modification of the Stokes’ formula with additive 

corrections. This method has been developed at the Royal Institute of Technology (KTH) 

during years and were then applied by National Land Survey of Sweden to compute this 

geoid model. Nordic Geodetic Commission (NKG) selected this model as an office geoid 

model for the Nordic and Baltic countries. 

The NKG2015 geoid model is the most recent official geoid model and one of some existing 

geoid models, this one has been developed specifically for the Nordic countries Sweden, 

Norway, Finland and Denmark and some Baltic countries. Even though the NKG2015 geoid 

model is fitted to the Nordic countries, it cannot be a perfect model as there are various 

errors affecting it. Therefore, it is valuable to analyse its quality. One method of doing so is 

to compare the geoid heights of the model and the geoid heights derived from 

GNSS/levelling data. By subtracting the orthometric height (H) determined by levelling from 

the ellipsoid height (h) measured by GNSS receiver, the GNSS/levelling geoid height is 

computed. This relation was presented in Eq. (1.1) and visually explained in Figure 1.1. The 

geoid height computed from the model and the GNSS/levelling data should in theory be 

                                                 
1 S. L. Bruinsma et al., ‘ESA’s satellite-only gravity field model via the direct approach based on all 
GOCE data’, Geophysical Research Letters, volume 18, Issue 21, October 2014. 
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equal, but it is not the case in reality due to various errors and the fact that the geoid model 

is an equipotential surface while the geoid computed from GNSS/levelling data is not. 

1.1.1 Previous research 

There are no published articles or reports on the quality of the new NKG2015 geoid model 

so far except for an official presentation of the model at the 2016 IGFS conference 

(International Gravity Field Service) in Greece2. This is one reason that this essay may 

contribute to the research in this area.  

There is, however, previous quality analysis research on other geoid models. For example, a 

similar study was made in Sweden, analysing the quality of the KTH08 geoid model by 

Eshagh3. Zoghi4, and Eshagh and Zoghi 5 analysed the quality of the geoid model, computed 

from the global gravity model EGM086 over the Nordic countries, which is rather similar to 

the present study. 

 

The working group of geoid and height system of the NKG has specified new sets of the 

GNSS/levelling data   in the Nordic countries, which are more suitable for evaluation of the 

geoid models. These new data are used in this thesis to evaluate the quality of the NKG2015 

geoid model and makes this study significantly different from previous ones.  

1.2 Purpose 

The purpose of this thesis is to do a research on the quality of the NKG2015 by statistical 

analysis. The motivation is to make it possible for users of this geoid model to be more aware 

of the model uncertainties and may help users estimate the quality of the measurements more 

accurately. 

1.3 Problem description and limitations 

When subtracting the orthometric height from the ellipsoid height taken from 

GNSS/levelling measurements, one might expect to get the same geoid height as the geoid 

height derived from the NKG2015 geoid model. In this case, the difference between these 

two geoid heights would always be zero at all points, but this is not the case in practice. The 

reason the geoid heights differ from each other are various errors that exist because of 

                                                 
2 J. Ågren et al., ‘The NKG2015 gravimetric geoid model for the Nordic-Baltic region’, Presented at 
the 1st Joint Commission 2 and IGFS Meeting, 19-23 September 2016, Thessaloniki, Greece.  
3 M. Eshagh, ‘Error calibration of quasi-geoidal, normal and ellipsoidal heights of Sweden using 
variance component estimation’, Contribution to Geophysics and Geodesy, Volume 40, January 2010, pp. 
1-30. 
4 S. Zoghi, On the statistical tests over Fennoscandian GNSS/levelling networks, MA thesis, Royal 
Institute of Technology, June 2015. 
5 M. Eshagh and S. Zoghi, ‘Local error calibration of EGM08 geoid using GNSS/levelling data’, 
Journal of Applied Geophysics, Volume 130, July 2016, pp. 209-217. 
6 N. K. Pavlis et al., ’The development and evaluation of the Earth Gravitational Model 2008 
(EGM08)’, Journal of Geophysical Research: Solid Earth, Volume 117, Issue B4, April 2012.  
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different reasons. More in-depth theory on these errors will be presented later. It is important 

for the user to be aware of the uncertainties and the quality of the geoid model. When the 

collected data is used for various projects it is possible to present the quality of the project 

more accurately if the quality of the geoid model is considered.  

The statistical investigation performed in this thesis is geographically limited to the mainland 

of the Nordic countries except Iceland. This includes the mainland of Sweden, Denmark, 

Norway and Finland but does not include territories beyond mainland such as Greenland, 

Åland, Svalbard or the Faroe Islands. 

In addition, it is assumed that the given errors of the GNSS/levelling data are reliable. In the 

following, the issues which are investigated in this study is presented: 

Issues 
 

1. Are the misclosures between the geoid heights of the NKG2015 geoid model and 

the GNSS/levelling data normally distributed? 

2. Is there any pattern in the differences? If so, how can they be removed or 

considered? 

3. Are the misclosures normally distributed after removing trends and gross errors? 

4. What is the best corrective surface for detrending misclosures? 

5. How important is filtering of misclosures for the estimation of the error of the 

geoid model NKG2015? 

6. How can the precision of the NKG2015 geoid model be estimated by statistical 

methods? 
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2 Method 

The purpose of this thesis is to do research on the quality of the NKG2015, statistically 

analysing the difference between geoid heights estimated from the geoid model and geoid 

height from the GNSS/levelling points. To do so, a tool to perform such an analysis is 

needed. In this case, the software MATLAB, Octave and Microsoft Excel are being used to 

analyse the data. The research is performed in Octave as far as possible, limited by functions 

that have not yet been implemented. In these cases, MATLAB has been used. Microsoft 

Excel is used to create and edit the datafiles which are in .txt format.  

Statistical methods of testing, filtering and adjusting the data are used to analyse the data and 

present it in tables and figures from which different conclusions about the quality of the 

geoid model can be drawn. The statistical methods used in this thesis are data filtering, chi- 

square goodness-of-fit test, variance interval test, least-squares detrending using 4-, 5- and 7- 

parameter corrective surfaces and other statistical tests. The results will be used to find the 

best surface for each country, which is useful in the evaluation of the geoid model. The result 

of the study will be the accuracy of the geoid model presented in a table with the intervals 

for the error of the model in each country 

The study is performed in a systematic way as tests are made and presented with the same 

logic. The countries are presented in the same order throughout the tables and the same data 

files are being tested with different methods in order to analyse it from different perspectives. 

This creates a more nuanced understanding of the data compared to relying on one kind of 

test, that could result in missing vital information about the data. It is relevant to mention 

that statistical tests do not provide a definite answer. Due to different reasons such as the 

sample size for example the result of the test may be misleading, this must be considered in 

the analysis. This also needs to be considered in the choice of methods of testing the data, a 

test that is made for smaller samples may not be suitable for the purpose of this thesis.  

The nature of the research performed in this thesis is statistical. This means that using a 

qualitative method would not be the best option as the data provided is of a large quantity, 

therefore a quantitative approach is best suited for this thesis. 

There are possible sources of problems that may occur when using this method to achieve 

the purpose of this thesis. The number of points for each country varies greatly relative to 

the area of each country. This could make comparisons of the test results of the countries 

less valid. It is also important to be aware that the conclusions made from statistical tests 

should not be considered as absolute truth. There are many different factors that can affect 

the test results. It is hard to know all the factors affecting the result, the reader should 

therefore be aware of these issues when using the thesis result and conclusions.  
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3 Theory 

The theories and models used in this thesis are presented and explained in this chapter. There 

is one section on the kinds of errors that affect measurements and possibility of removing 

them in different ways. Another section explains how data can be filtered with two different 

confidence intervals (CIs). The section after covers the theory of the different kinds of tests 

performed on the data both before and after the least-squares detrending, which will be 

explained later.  

3.1 Errors 

There are always errors affecting the quality of the performed measurements, which are 

divided into three categories of gross, systematic and random errors. Because of their 

different properties, different methods exist for handling them. Below, these categories are 

described. 

 

Gross errors 

Today there are instruments to execute most of the work when surveying, but the person 

measuring still handles the data and instruments in some ways. Reading the result of the 

measurement on a display is one example of this. When handling the data and instruments 

it is possible, due to human factors, that the person misreads or records the measurement 

incorrectly. It is also possible that the instrument is placed or set up incorrectly by the user. 

This kind of blunder leads to rather large errors, which might be detectable by extra care and 

controls. Removing these errors is important as they have large impacts on the results. 
 

Systematic errors 

Systematic errors occur for various reasons, they may origin from the instrument or 

environmental factors. Insufficient calibration of the instrument, incorrect method of 

measuring and incorrect observations of temperature, wind or humidity are possible sources 

of systematic errors. This kind of error will affect all measurements in the same direction; 

therefore, they are difficult to detect. Systematic errors can be reduced or removed by 

anticipating and considering the possible sources of errors when planning and performing 

the measurements.  

 

Random errors 

Random errors are the errors, which are not gross errors or systematic. Consequently, if all 

gross errors and all systematic errors have been removed from a measurement there will only 

be the random errors left. The cause of this kind of error is most often unknown, but since 

they are random, they should follow the normal distribution. It is possible to reduce or 
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remove them with statistical methods or with a least-squares adjustment method. This will 

correct the random errors in the data set.  

3.2 Tests of the data 

When data are collected, they must be analysed prior to draw any conclusion out of them. In 

this study, several statistical tests will be applied to investigate different aspects of the data. 

The tests reveal various information about the data and their quality. The theories of the tests 

used in this study are presented below. 

3.2.1 Visual tests 

An easy way of checking how well the data fit the normal distribution is to plot their 

histogram with the bell-shaped normal distribution curve computed from the mean and 

standard deviation of the data. If the plotted histograms agree with the curve of the normal 

distribution, the dataset is normally distributed.  

This kind of test does not return a result in the form of passing or failing but it is a quick and 

easy way of visually controlling the normality of the data. It is analyst-dependent and two 

different analysts can draw different or even opposite conclusion out of it. This method is 

not reliable when making precise conclusions, but it can be useful to make rough estimations 

considering the normality of the data.  

Plotting the misclosures on a map over the area can give information about the location of 

the points and the number of points for each country relative to its size. When filtering the 

data, the removed misclosures can also be plotted on a map. Such a plot can provide 

information regarding the relation between the location of the removed points and 

characteristics of the area, such as topography. These kinds of plots provide quick analysis 

as it may take a longer time analysing numbers in a table.  

3.2.2 Skewness and kurtosis test 

As previously mentioned, the histogram of the data should be close to the normal 

distribution bell-shaped curve. However, sometimes the data can either be shifted to the 

sides. Shifts of the curve to the side is related to the skewness of the data. Skewness shows 

how symmetric the histogram of the data is. Kurtosis is another measurement of normality. 

Visually the kurtosis shows how well the peak of the histogram curve fits the normality curve.  

Skewness test 

To check if the data are skewed one should calculate the skewness value and its error which 

contain useful information about the histogram. The skewness value can either be positive 

or negative depending on in which direction the data are skewed. A symmetric histogram has 

the value of 0 for its skewness. For a skewness value in the interval ±0.5, the histogram is 

almost symmetric, and for values greater than ±1 the histogram of the data is greatly skewed. 

The skewness value can be calculated using the following formula: 
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𝑆𝑘𝑒𝑤𝑛𝑒𝑠𝑠 =
∑ (𝑐𝑖−𝑐)̅3𝑛𝑝

𝑖=1

(𝑛𝑝×𝑆3)
 (3.1) 

 

where np is the number of measurements, c is the misclosure of the geoid heights from 

GNSS/levelling and the geoid model, 𝑐̅ is the mean of the misclosures and S is the standard 

deviation of the misclosures. 

 

The error of skewness can be calculated with a simple formula, which is a rough estimation 

of the error of skewness: 
 

𝐸𝑟𝑟𝑜𝑟 𝑜𝑓 𝑠𝑘𝑒𝑤𝑛𝑒𝑠𝑠 = √
6

𝑛𝑝
 .       (3.2) 

 

When dividing the skewness value with its error, a test statistic is obtained, which can indicate 

the significance of deviation of skewness from zero. This can be helpful when analysing 

whether the skewness found in the sample is caused by chance or if the population it comes 

form is skewed. If the test statistic is outside the interval ±2, there is a high probability that 

the histogram is skewed, if it is within in the interval ±2, therefore, skewness value is not 

significantly different from zero. 

 

Kurtosis test 

The kurtosis test will give indications on how the shape of the peak curve of the data differs 

from the normally distributed bell-shaped curve. For a perfectly shaped peak curve the 

kurtosis value would be 3, the closer to 3 the kurtosis value is, the better the data is fitted to 

a normal distribution. To test this value, a general perception is used where the value of 

kurtosis indicates a somewhat well fitted data set in the interval 3±2. The formula below 

shows how to calculate the kurtosis value. 

𝐾𝑢𝑟𝑡𝑜𝑠𝑖𝑠 =
∑ (𝑐𝑖−𝑐)̅4𝑛𝑝

𝑖=1

(𝑛p×𝑆4)
 (3.3) 

 

To calculate the kurtosis error, which can be used to calculate the test statistic for kurtosis, 

the following formula can be used. As with the error of skewness this formula is appropriate 

for larger samples but may not be appropriate for smaller samples. Note that this formula 

gives a rough estimation of the error of kurtosis. 

 

𝐸𝑟𝑟𝑜𝑟 𝑜𝑓 𝑘𝑢𝑟𝑡𝑜𝑠𝑖𝑠 = √
24

𝑛𝑝
 . (3.4) 
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To calculate the test statistic for kurtosis, the kurtosis value is divided by it. This test statistic 

should be interpreted in a similar way as that of the skewness. If the test statistic is outside 

the ±2 confidence interval there is a high probability that the population from where the 

sample comes from has excess kurtosis. 

3.2.3 Chi-square goodness-of-fit test 

The well-known normal distribution is often used in statistics, but there are also other 

distributions such as the chi-square (χ2) distribution or the t-distribution. Just like the normal 

distribution has a bell-shaped curve; other distributions have their own characteristic shapes. 

The chi-square distribution has the shape of a peak that, compared to the centred peak of 

the normal distribution, is highly skewed to the left.  

The chi-square distribution is mainly used for two kinds of tests, the chi-square test of 

independency and the chi-square goodness-of-fit of normality test (chi-GOF test), which is 

the one used in this study. The purpose is to determine whether the data fits the distribution 

can be accepted or not. The critical χ2value can be calculated using on the sample size and 

desired significance level and the Y value is calculated from the data, these can be compared 

to determine the result of the test. The significance level is 5% in this study and is also the 

default level when performing this test in most software. If the Y value from the data is 

smaller than the χ2value, it means that the data can be assumed to fit the distribution. If the 

Y value is bigger than the χ2value, therefore the data has significantly different distribution 

than the normal distribution. The statistic is: 

 

𝑌 = ∑
(𝑂𝑖−𝐸𝑖)2

𝐸𝑖

𝑛𝑏
𝑖=1 ≤ 𝜒𝛼,𝑛𝑏−1

2
        (3.5) 

 

here nb is the number of bins of the histogram, i is the number of histogram classes and α is 

the significance level. nb-1 is the degrees of freedom and is derived by subtracting 1 from the 

number of bins O is the observed values and E is the expected value in the case that the data 

is normally distributed. The Y value should be smaller than the χ2 value which is calculated 

from the chosen significance level α. If this is the case, the data has a normal distribution. 

3.2.4 Confidence interval of variance 

The variance of a sample describes how much the data deviates from the mean value. In 

some cases, the data set comes with a claimed variance, a so-called a priori variance. This a 

priori variance, which can be tested by computing a CI for the variance of the dataset and 

compare it to the a priori variance. If the a priori variance is outside of this interval, it is most 

likely not accurate. It is common to use a CI of 95%, in which case the a priori variance is 

accurate with a CI of 95% in the case that the a priori variance is within the interval. 
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(
(𝑟−1)𝑠2

χ𝑟−1,𝛼
2 < 𝜎2 <

(𝑟−1)𝑠2

χ 𝑟−1,1−∝/2
2 )    (3.6) 

 

This formula is used to calculate the CI of the variance 𝜎2. The sample size is r and 𝑠2 is the 

sample variance. 

3.3 Filtering the data 

In order to identify and remove measurements that may contain outliers, the data should be 

filtered with a specified CI removing possible outliers. The outliers can be visually identified 

from the histograms plotted from the data that show if there are any outliers and whether 

the filtering successfully made the data more fitted to the normal distribution.  

In order to filter the data, the upper and lower limits of the CI must first be defined. The 

data is then tested point by point, identifying the data which are outside of the interval. When 

the outliers have been removed, the filtered data set should have a better fit to the normal 

distribution.  

To filter the data set with a 95% CI, the following formula can be used where every value x 

of the data is compared to the upper and lower limit values. The standard deviation is 

multiplied by 2 because the probability within 2 standard deviations from the mean �̅� is 

almost 95%: 

 

(�̅� − 2𝑠 < 𝑥 < �̅� + 2𝑠).    (3.8) 

 

By the same rule as above, the standard deviation in the formula below is multiplied by 3 to 

calculate the lower and upper values when the CI is 99.7%.  

 

(�̅� − 3𝑠 < 𝑥 < �̅� + 3𝑠).    (3.9) 

 

Besides visually analysing how the filtering affects the data, the filtered and the unfiltered 

data can be tested with the different methods and compared to each other for conclusions 

on how the filtering affects the result.  
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3.4 Least-squares detrending 

Trends are systematic patterns in the data that do not only affect one or two points but the 

whole data set or a large part of them. After filtering the data and removing outliers, the data 

may still contain unwanted trends. The data are expected to follow the normal distribution, 

but the systematic trends could affect the normality of the data. Detrending by the least-

squares method can identify such trends by fitting mathematical models to the errors of data 

and after removing the trends by subtracting the fitted model from the data. 

The detrending is done with three different corrective surfaces, 4-, 5- and 7-parameter 

models for comparing the geoid model and the GNSS/levelling height. In this case, the 

following Gauss-Helmert model is applied:   

 

0+ = − =Ax Bε BL w , with 𝐸{𝜺𝜺𝑇} = 𝜎2 𝑸 + 𝜎𝑁
2𝑸𝑁                                              

(3.10) 

 

where  = −B I I  with I as an identity matrix with the size of n which is the total number 

of data,   
T

= −L h H N  is the vector containing the difference between ellipsoidal and 

orthometric heights, h - H and the geoid height N. ε is the random error in the data with 

 E 0=ε . The matrix A is related to the mathematical model, which is used for modelling 

the systematic trends of the misclosures. 𝜎2 is the a priori variance for the GNSS/levelling 

and 𝜎𝑁
2 is the a priori variance for the geoid height. Q is the variance-covariance factor for 

the GNSS/levelling and 𝑸𝑁 is the variance-covariance factor for the geoid height. There are 

well-known 4-, 5- and 7-parameter models for absorbing the shift and tilts of the misclosures7  

 

( )4 0 1 2 3, cos cos cos sin sinf x x x x      = + + +                                               (3.11)  

( ) 2

5 0 1 2 3 4, cos cos cos sin sin sinf x x x x x       = + + + +                              (3.12) 

( ) 1

7 0 1 2 3 4

1 1 2

5 6

, cos cos cos sin sin cos sin cos

              cos sin sin sin

f x x x x x k

x k x k

         

   

−

− −

= + + + + +

+ +
     (3.13) 

 

where   and   are respectively the latitude and longitude of each point having 

GNSS/levelling and geoid heights. xi, i = 0, 1,… are the regression coefficients of each model 

absorbing the shifts and tilts of the misclosures, and  ( )
1

2 2 21 sink e = −  , e2 is the 

eccentricity of the reference ellipsoid. The Ax from Eq. (3.10) can be written as the following 

matrix;   

 

                                                 
7 (e.g. Fotopolus 2005, Eshagh 2010): 
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Ax       (3.14) 
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Ax                        (3.15) 

2

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

1 cos cos cos sin sin cos sin cos cos sin sin sin

1 cos cos cos sin sin cos sin cos cos sin sin sin

1 cos cos cos sin sin cos sin cos cos sin sn n n n n n n n n n n

k k k

k k k
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=Ax
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3
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x

x

x

x

x
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x
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(3.16) 

 

 

The least-squares solution of Eq. (3.10) is: 

 

( )( ) ( )
1

1 1
T 2 2 T 2 2ˆ

N N N N   
−

− −

= + +x A Q Q A A Q Q w .                                              (3.17) 

 

The variance-covariance matrix of the estimates is: 

 

( )( )
1

1
2 T 2 2

ˆ 0
ˆ ˆ

N N  
−

−

= +xC A Q Q A                           (3.18) 

 

where 2

0̂  is the a posteriori variance factor with the following formula: 

 

( )
1

T 2 2

2

0

ˆ ˆ
ˆ

N N

n m

 


−

+
=

−

ε Q Q ε
 with ˆ ˆ= −ε w Ax                                                              (3.19) 

 

and m is the number of unknown parameters.  
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The t-value for testing the significance of each estimated parameter can be calculated by 

dividing the value of the estimated parameters by the error of this estimated parameter (Eq 

1.1). By analysing this t-value as well as the other tests performed it is possible to estimate 

which filtering and which corrective surface is necessary for each country.   

 

𝑡𝑖 =
𝑥𝑖

�̂��̂�𝑖

                         (3.20) 

 

−𝑡𝛼

2
,𝑛−𝑚 ≤  

𝑥𝑖

�̂��̂�𝑖

≤ 𝑡𝛼

2
,𝑛−𝑚            (3.21) 

 

where - 𝑡𝛼

2
,𝑛−𝑚   and  𝑡𝛼

2
,𝑛−𝑚 are the the t-value upper and lower limits of the interval. 

If the t-value from the parameter and its error is within this interval, the parameter is not 

significant. 

3.5 Confidence interval of the geoid error 

The error of the GNSS/levelling measurements and the error of the NKG2015 geoid model 

both affect the size of the misclosures. To investigate how much these two different kinds 

of error affect the misclosures, it is possible to calculate CI for the geoid error. These CI are 

calculated based on the assumption that the errors of the GNSS/levelling data are correct 

and in agreement with the variance of the data. 

The formula of the CI for the geoid error is: 

𝜎𝑁
2𝜎0

2𝜒𝛼

2
,𝑛−𝑚

2 ≤ �̂�𝑇 (
𝜎2

(𝜎𝑁
2 )𝑘 𝐐 + 𝐐𝑵)

−𝟏

�̂� ≤ 𝜎𝑁
2𝜎0

2𝜒
1−

𝛼

2
,𝑛−𝑚

2
            (3.22) 

 

Equation 3.22 can be solved by calculating the upper and lower bounds separately. The lower 

bound of the interval can be calculated from the following formula: 

 

(𝜎𝑁
2)𝑘+1 ≤

�̂�𝑇(
𝜎2

(𝜎𝑁
2 )𝑘𝐐+𝐐𝑵)

−𝟏

�̂�

𝜎0
2𝜒𝛼

2
,𝑛−𝑚

2        (3.23) 

 

The upper bound of the interval can be calculated from the following formula: 
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(𝜎𝑁
2)𝑘+1 ≤

�̂�𝑇(
𝜎2

(𝜎𝑁
2 )𝑘𝐐+𝐐𝑵)

−𝟏

�̂�

𝜎0
2𝜒

1−
𝛼
2

,𝑛−𝑚

2       (3.24) 

 

Equation (3.23) and Eq. (3.24) are to be solved iteratively. This means that an a priori value 

of the accuracy of the geoid model is inserted, the equation will estimate a new error of the 

geoid model based on the first a priori accuracy. This new, estimated error of the geoid will 

be inserted into the equation as a new a priori accuracy value and a second error of the geoid 

will be estimated from the equation. This process is repeated until the estimated error no 

longer changes. 

The given geoid error can be compared to the calculated upper and lower bounds of the 

geoid error. This analysis will show how big the geoid errors should be if the errors of the 

GNSS/levelling data are correct and in agreement with the data. 
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4 Results 

This thesis is based on data from the NKG2015 geoid model and measured geoid height 

from the GNSS/levelling data. The geoid data, which were given in a grid form, was 

interpolated to estimate the geoid height at the points of the measured GNSS/levelling 

points. With this method, is it possible to compare the geoid heights from the NKG2015 

geoid model and the GNSS measurements at the same points. The results of the different 

parts of the study are presented below. The GNSS/levelling data of all countries were 

accessed through personal contact8 and contains point number, latitude, longitude, ellipsoidal 

height, orthometric height for each point and their estimated errors. Each country has its 

own data file in this format with the same type of information.  

4.1 Filtering the data  

The data of each country was filtered with two different Cis of 95% and 99.7%. The result 

of the visual test of histograms indicates that the data generally follows the normal 

distribution curve better after filtering than before. The size of the misclosures are presented 

in Figure 4.1 A), it shows that the misclosures are larger in mountainous areas and smaller in 

areas with more flat topography. Figure 4.1 B) shows the distribution of the GNSS/levelling 

points over the area on the background of the size of the geoid heights of the NKG2015 

geoid model. Denmark has a dense network of measured points relative to the country’s size 

while Finland has the least number of measurements amongst the countries. It is also visible 

in Figure 4.1 B) that the geoid heights are larger in the west side and smaller on the east side 

of the area. 

 Removal of the outliers improves the goodness-of-fit test results. The points removed are 

mainly located in the mountainous areas of Sweden and Norway as can be seen in Figure 4.1 

C) and D). The reason that most removed points are found in the mountainous areas could 

be that the uncertainty of the data increases as the topography gets rougher. This causes 

larger errors in the result, which are then detected and removed in the filtering process.  

 

 

 

 

 

 

 

                                                 
1.1 8 Ågren, Jonas; Docent at the Royal Institute of Technology, Stockholm, 05-04-2019. 
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Figure 4.1. Map A) Shows the size of the misclosures in different parts of the area in meters. Map B) 
shows the locations of the GNSS/levelling points in all of the area without filtering, marked as black 
points. The background shows the size of the geoid height from the NKG2015 geoid model in meters. Map 
C) shows the removed points after filtering with a 95% where the red points are the points removed. Map 
D) shows the removed points after filtering with a 99.7% confidence interval where the red points are the 
points removed. 
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Figure 4.2. Unfiltered data plotted with the curve of the normal distribution. 
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Figure 4.3.Data plotted with the curve of the normal distribution after filtering with a 95% confidence 
interval. 
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Figure 4.4. Data plotted with the curve of the normal distribution after filtering with a 99.7% confidence 
interval 
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The histograms of the misclosures before and after filtering are presented in Figures 4.2-4.4. 

Figure 4.2 shows the plotted histograms of the unfiltered data; Figure 4.3 shows the 

histograms of the data after being filtered with a 95% CI and Figure 4.4 shows the histograms 

of the data after filtering with a 99.7% CI. Filtering with both 95% and 99.7% CI removes 

the visible outliers on the sides of the histogram curves in Figures 4.3 and 4.4. The 

misclosures in Sweden appear to be relatively well-fitted to the normal distribution curve 

before filtering according to Figure 4.2 and improves after filtering. from the misclosures in 

Sweden appear to be positively skewed (to the left) in all three histograms. The best fit is, 

expectedly, after the 95% CI filtering with one bin clearly deviating to the right. Denmark 

does not have any extreme outliers in Figure 4.2, but it is visible that some data on the sides 

of the histogram curve in Figure 4.3 have been removed after filtering. It appears that the 

plotted data from Denmark are not symmetrical as a normal distribution curve typically is. 

A second, smaller curve can be distinguished on the left side, especially in the unfiltered data 

which may indicate that the data has some qualities of a bimodal distribution.   

Like Sweden, it seems as though the data from Norway is also somewhat positively skewed 

and contains outliers, especially evident on the right side of the curve in the unfiltered data 

in Figure 4.2. After 95% filtering, the curve peak in the histogram of Norway has the closest 

fit to the normal distribution. In the case of Finland, it is more difficult to interpret the 

normal distribution histogram due to a smaller sample size. What can be interpreted is that, 

there are no visible outliers in the unfiltered data and the plots before and after filtering are 

quite similar. In fact, the data before filtering and after filtering with a 99.7% CI are identical 

in Finland because no points were outside of the interval in that case. In all histograms of 

Finland, there is a great dip in the data on the left side peak which causes the data to be less 

fitted to the normality curve.  

4.2 Tests of the misclosures before least-squares detrending 

In order to analyse the impact of the least-squares detrending on the data, it is necessary to 

perform tests both before and after detrending process. The results before this process are 

presented below. 

 

4.2.1 Skewness and kurtosis test  

The result of testing the skewness and kurtosis are presented below in Tables 4.1, 4.2 and 

4.3. 
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Table 4.1. Skewness and kurtosis values of the data before filtering. 

Region NOP Skewness Skewness 
error 

Kurtosis Kurtosis 
error 

Skewness/error Kurtosis/Error 

Sweden 197 0.2697 0.1745 3+1.3909 0.3490 1.5454 3.9850 

Denmark 675 -0.3354 0.0943 3-0.2603 0.1886 -3.5573 -1.3807 

Norway 902 0.7404 0.0816 3+1.0006 0.1631 9.0781 6.1343 

Finland 50 -0.4102 0.3464 3-0.8883 0.6928 -1.1841 -1.2821 

 

Table 4.2. Skewness and kurtosis values of the data after filtering with a 95% confidence interval. 

Region NOP Skewness Skewness 
error 

Kurtosis Kurtosis 
error 

Skewness/error Kurtosis/Error 

Sweden 183 0.0696 0.1811 3-0.7327 0.3621 0.3844 -2.0779 

Denmark 647 -0.2357 0.0963 3-0.5414 0.1926 -2.4478 -2.8110 

Norway 858 0.3968 0.0836 3-0.3137 0.1673 4.7449 -1.8755 

Finland 48 -0.3664 0.3536 3-0.8998 0.7071 -1.0365 -1.2725 

 

Table 4.3. Skewness and kurtosis values of the data after filtering with a 99.7% confidence interval 

Region NOP Skewness Skewness 
error 

Kurtosis Kurtosis 
error 

Skewness/error 
Test statistic 

Kurtosis/Error 

Sweden 195 0.4020 0.1754 3+0.5063 0.3508 2.2918 1.4433 

Denmark 674 -0.3145 0.0944 3-0.3076 0.1887 -3.3336 -1.6300 

Norway 893 0.4864 0.0820 3+0.1941 0.1639 5.9336 1.9787 

Finland 50 -0.4102 0.3464 3-0.8830 0.6928 -1.1841 -1.2821 

 

Skewness 

The skewness values of the misclosures in Sweden and Norway are both positive while the 

values for Denmark and Finland are negative. Visually, this means that some of the histogram 

curves in Figures 4.2-4.4 are skewed to the left while some are skewed to the right. The 

skewness values are rather small in all the countries and indicate that the distribution of the 

data is rather symmetric, except for Norway, which has a skewness value greater than ±0.5 

before filtering, but smaller than ±1, suggesting that the misclosures in Norway are 

somewhat skewed. After filtering with both 95% and 99.7% CIs, Norway will be below ±0.5, 

which means that the distribution of the misclosures in each country separately can be 

considered symmetric after filtering. Filtering of misclosures improves their skewness, which 

means that the outliers were likely the causes of the skewness.  
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The test statistic of skewness of nonfiltered misclosures in Denmark indicates that they come 

from a population with a negative skewness. This means that if the whole area of Denmark 

were to be measured, not only a sample of points, the data would likely also be negatively 

skewed. Meanwhile, the misclosures of Norway most likely come from a positively skewed 

population since the statistic value is higher than 2 even after filtering with the two different 

CIs. Both Sweden and Finland have test statistic of skewness within the ±2 interval both 

before and after filtering. This indicates a good fit to the normal distribution.  

Kurtosis 

The kurtosis values of misclosures in the countries are presented in Table 4.1-4.3. The excess 

kurtosis in Tables 4.1-4.3 shows how much and in which direction the kurtosis value strays 

from 3. The kurtosis value should be 3 while the best excess kurtosis value would be 0, 

meaning there is no excess kurtosis. For Denmark and Finland, it is negative while positive 

for Sweden and Norway. This can be seen from the visual tests of the misclosures, the normal 

distribution curve for Denmark and Finland have histogram curves which are flatter than 

those of Sweden or Norway. In Table 4.3, after filtering with a 99.7% interval, the excess 

kurtosis for Denmark and Finland are still negative while they become positive in Table 4.2 

after filtering with a 95% CI. The filtering generally decreases the value or the excess kurtosis 

towards 0. The closer the excess kurtosis value is to 0, the better the data fits the normal 

distribution. The values of the excess kurtosis after filtering with either a 95% or 99.7% 

interval are low and indicate that the peak of the distributions is closer to fit the normal 

distribution of the countries than before filtering. 

The test statistic for kurtosis of Norway is noticeably greater comparing to the other 

countries. Even though Sweden has a kurtosis statistic value of about 4 before filtering, 

Norway has one just above 6. If the test statistic is outside of the ±2 interval, the misclosures 

most likely come from a population with a high positive or negative kurtosis value. The test 

statistic of misclosures in Norway and Sweden falls outside this interval which means that 

the misclosures of Norway and Sweden likely come from a population with a high kurtosis 

value. For Denmark and Finland, the value is within the interval. This means that the kurtosis 

values of these countries are not significantly different from 0. The misclosures in Finland 

after filtering with the 99.7% interval has a better fit to the normal distribution curve 

compared to the unfiltered misclosures. Filtering with the 95% CI in Finland makes a positive 

excess kurtosis,  

The lowest value in the result of the test statistic of kurtosis is obtained after filtering with 

99.7% CI. In this case, all the countries have test statistics between ±2. The same results are 

not achieved after filtering with 95% CI as only Norway and Finland have values smaller 

than ±2.  
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4.2.2 Chi-square goodness-of-fit test  

As described in the theory part, the chi-square goodness-of-fit (chi-GOF) test is passed if 

the Y value derived from the data is smaller than the critical χ2 value, calculated based on 

degrees of freedom. If the Y value is smaller than the χ2 value the test will pass, and it would 

indicate a good fit to the normal distribution. If the Y value is greater than the χ2 value, the 

misclosures may not have normal distribution. 

 

Table 4.4. Chi-square goodness-of-fit test before and after filtering with two different intervals. 

Region 
Before filtering 

Filtering 95% confidence 
interval 

Filtering 99.7% confidence 
interval 

Y χ2 Test Y χ2 Test y χ2 Test 

Sweden 2.31772 2.79552 P 2.75652 3.54852 P 3.14712 3.32722 P 

Denmark 6.48272 3.54852 F 5.69612 3.75062 F 5.75362 3.75062 F 

Norway 8.11132 3.32722 F 8.14002 3.75062 F 7.62372 3.54852 F 

Finland 2.16962 3.08022 P 2.73502 2.79552 P 2.16962 3.08022 P 

 

Table 4.4 reveals that only misclosures in Sweden and Finland pass the chi-GOF test both 

before and after filtering. Therefore, they have probably the normal distribution. Those of 

Norway and Denmark clearly fail the test in all cases, and it cannot be said that their 

misclosures are normally distributed. As stated before, the result of this test depends on how 

different the misclosures are from the expected ones. Filtering of the data improves the result 

of the chi-GOF test, but it is not enough to make them normal. In Sweden and Finland, the 

test is only passed before filtering, which means that filtering does not improve the normality 

of the misclosure 

4.2.3 Confidence intervals of Variance of misclosures 

The measured GNSS geoid heights of each country come with a given estimate of their 

errors. There are also given errors for the geoid. To test whether these given errors are 

reasonably close to the actual variance of the misclosures, a CI of 95% is determined for it 

based on the misclosures. The upper and lower limits presented in Table 4.5 is the CI of the 

variance of the misclosures. This means that the CI is for both the error of the geoid and the 

error of the GNSS/levelling heights.  
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Table 4.5. Confidence intervals variance before and after filtering. 

Region 

Before filtering 
Filtering 95% confidence 

interval 
Filtering 99.7% confidence 

interval 

NOP 
Min 

(mm) 
Max 

(mm) 
NOP 

Min 
(mm) 

Max 
(mm) 

   NOP 
Min 

(mm) 
Max 

(mm) 

Sweden  
197 19.3² 23.5² 183 14.4² 17.7² 195 18.1² 22.1² 

1  
24 18.8² 33.9² 22 11.5² 21.5² 23 15.0² 27.5² 

2  
173 18.9² 23.3² 161 14.4² 17.9² 172 18.1² 22.4² 

Denmark 
675 17.2² 19.1² 647 15.5² 17.3² 674 17.1² 19.0² 

Norway 
902 30.4² 33.4² 858 25.3² 27.9² 893 28.6² 31.4² 

Finland 
50 16.6² 24.8² 48 15.4² 23.1² 50 16.6² 24.8² 

 

The variance for the misclosures in Sweden is estimated between 19.3mm and 23.5mm with 

the probability of 95%. The estimated CIs of the variance decrease as the misclosures of 

Sweden are filtered, this is also true for the other countries. The countries where filtering has 

the greatest impact on the intervals is Norway and Sweden where the lower and upper bound 

of the CIs of Norway are both lowered by about 5mm. For Sweden, the lower bound 

decrease by 5mm while the upper bound by 6mm. The CIs of the variance of the misclosures 

in Denmark and Finland are not greatly impacted by filtering of the misclosures. 

The biggest values of the lower and upper bounds can be observed in Norway, the CI in the 

unfiltered data is between 30.4mm and 33.4mm while the lowest values are seen in Finland 

where the upper and lower limits of the CI are between 16.6mm and 24.8mm. However, the 

width of the interval in Norway is only 3mm while it is about 8mm in Finland. The reason 

that the variance seems to be higher in Norway compared to Finland could be the type of 

topography that exist in these countries. The topography in Norway is rougher and more 

mountainous while it is flatter in Finland. As Norway has a rougher topography, it is a more 

complex surface to fit a geoid model to, therefore the uncertainty of Norway will be greater. 

4.3 Application of Least-squares detrending 

The estimated parameters and their errors are presented in Table 4.6. those parameters 

having larger error than themselves are highlighted. They indicate that the parameter is in the 

order of error and not significant. Such highlighted parameters are more visible in Sweden, 

meaning that some parameters of the selected corrective surfaces are not significant in the 

detrending the misclosures. 
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Table 4.6. The estimated parameters and their errors after detrending the data with 4-, 5-, and 7-
parameter corrective surface fittings. 

Region 
 

No filtering Filtering with 95% confidence 
interval 

Filtering with 99.7% confidence 
interval 

4 5 7 4 5 7 4 5 7 

S
w

ed
en

 

4.9 ± 0.6 6.7 ± 2.7 -5.2 ± 17.8 3.3 ± 0.6 4.1 ± 2.4 -51.0 ± 16.7 4.5 ± 0.6 5.9 ± 2.6 -21.3 ± 17.4 

-2.3 ± 0.3 -1.4 ± 1.3 -11.5 ± 3.8 -1.6 ± 0.3 -1.2 ± 1.2 -17.1 ± 3.5 -2.1 ± 0.3 -1.4 ± 1.3 -12.8 ± 3.7 

-1.0 ± 0.1 -0.7 ± 0.4 -62.7 ± 49.5 -0.6 ± 0.1 -0.5 ± 0.4 -175.3 ± 46.0 -0.9 ± 0.1 -0.7 ± 0.4 -100.5 ± 48.0 

-4.1 ± 0.6 -11.2 ± 10.0 7.6 ± 17.2 -2.8 ± 0.5 -5.7 ± 8.9 51.8 ± 16.1 -3.8 ± 0.5 -9.3 ± 9.6 22.9 ± 16.7 

 5.0 ± 7.2 13.2 ± 4.1  2.1 ± 6.4 17.5 ± 3.7  3.9 ± 6.9 13.9 ± 3.9 

  34.5 ± 21.6    78.8 ± 19.9   48.9 ± 20.9 

  27.7 ± 28.3   95.7 ± 26.4   51.1 ± 27.5 

D
en

m
ar

k
 

-28.7 ± 4.3 -33.5 ± 5.4 -363.5 ± 275.2 -27.1 ± 4.1 -33.8 ± 5.2 -381.8 ± 259.5 -28.6 ± 4.3 -34.2 ± 5.4 -374.2 ± 273.8 

16.3 ± 2.3 12.3 ± 3.6 -95.5 ± 52.0 15.4 ± 2.3 9.6 ± 3.6 -107.0 ± 49.1 16.2 ± 2.3 11.7 ± 3.6 -99.3 ± 51.8 

1.6 ± 0.4 0.9 ± 0.6 -1323.6 ± 1016.5 1.6 ± 0.4  0.6 ± 0.6 -1357.5 ± 958.4  1.6 ± 0.4 0.8 ± 0.6 -1354.8 ± 1011.2 

23.8 ± 3.5 46.7 ± 16.0 444.6 ± 331.2 22.5 ± 3.4 54.9 ± 16.2 459.8 ± 312.2 23.7 ± 3.5 50.1 ± 16.0 456.0 ± 329.5 

 -17.4 ± 11.9 114.7 ± 62.6  -24.7 ± 12.0 127.6 ± 59.0  -20.0 ± 11.9 119.1 ± 62.3 

  644.9 ± 496.4   654.4 ± 468.1   658.5 ± 493.8 

  649.8 ± 500.8   674.6 ± 472.1   667.0 ± 498.1 

N
o

rw
ay

 

-0.6 ± 0.4 -5.6 ± 2.2 -88.3 ± 16.3 -0.7 ± 0.4 -8.4 ± 2.0 -81.5 ± 15.4 -0.8 ± 0.4 -6.3 ± 2.1 -83.5 ± 15.9 

-0.0 ± 0.2 -0.9 ± 0.4 19.1 ± 4.1 0.1 ± 0.2 -1.3 ± 0.4 8.2 ± 3.7 0.0 ± 0.2 -0.9 ± 0.4 15.2 ± 3.9 

-0.4 ± 0.1 -0.5 ± 0.1 -237.7 ± 55.1 -0.3 ± 0.1 -0.5 ± 0.1 -226.0 ± 51.9 -0.3 ± 0.1 -0.5 ± 0.1 -226.4 ± 53.8 

0.9 ± 0.4 14.7 ± 6.0 83.1 ± 16.3 0.9 ± 0.3 22.5 ± 5.6 78.3 ± 15.5 1.0 ± 0.3 16.5 ± 5.8 79.1 ± 16.0 

 -8.8 ± 3.8 -24.9 ± 4.8  -13.8 ± 3.5 -12.0 ± 4.3  -9.9 ± 3.7 -20.3 ± 4.6 

  98.0 ± 25.1   94.7 ± 23.6   93.8 ± 24.4 

  140.4 ± 29.9   131.4 ± 28.2   133.1 ± 29.2 

F
in

la
n

d
 

-7.5 ± 2.2 -32.2 ± 13.3 168.7 ± 40.0 -6.5 ± 2.1 -28.5 ± 13.0 166.7 ± 38.2 -7.5 ± 2.2 -32.2 ± 13.3 168.7 ± 40.0 

3.1 ± 0.9 -4.0 ± 3.9 74.7 ± 17.9 2.7 ± 0.9 -3.6 ± 3.8 73.6 ± 17.1 3.1 ± 0.9 -4.0 ± 3.9 74.7 ± 17.9 

1.0 ± 0.4 -2.4 ± 1.9 845.5 ± 178.9 0.9 ± 0.4 -2.2 ± 1.8 825.7 ± 170.9 1.0 ± 0.4 -2.4 ± 1.9 845.5 ± 178.9 

6.9 ± 2.0 86.0 ± 42.2 -182.4 ± 42.2 5.9 ± 1.9 76.2 ± 41.1 -180.0 ± 40.3 6.9 ± 2.0 86.0 ± 42.2 -182.4 ± 42.2 

 -53.1 ± 28.3 -81.3 ± 18.3  -47.2 ± 27.6 -79.8 ± 17.9  -53.1 ± 28.3 -81.3 ± 18.8 

  -414.3 ± 86.9   -403.7 ± 83.0   -414.3 ± 86.9 

  -426.2 ± 91.5   -417.1 ± 87.4   -426.2 ± 91.5 

 

Most of the insignificant errors for Sweden are found in the 7-parameter corrective surface 

detrending the misclosures before filtering. After filtering with 95% or 99.7% interval, these 

insignificant parameters are found only in the 5-parameter surface. Filtering the 7-parameter 

fitting decreases the number of significant parameters while filtering of the 5-parameter 

fitting increases the number of significant parameters.  

Denmark and Finland only display one insignificant parameter in each, both found in the 

data filtered with a 95% CI. Both insignificant parameters are found when the 5-parameter 

surface is applied for detrending.  
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In Norway, one insignificant parameter is seen when the 4-parameter corrective surface is 

used before and after filtering. This indicates that the filtering does not change the result of 

the detrending significantly. This can also be deduced by comparing the size of the errors 

before and after filtering. The errors of the parameters of Norway do not change as much as 

the errors of the parameters in Sweden do. Filtering generally decrease the errors of the 

parameters, especially evident in the 7-parameter fitting of the countries.  

The goal is to try and find which filtering and which corrective surface that is best suited for 

each country. Table 4.6 gives some hints about this; however, further analysis of statistical 

testing is necessary to come to a more reliable conclusion. The t-values derived from Table 

4.7 is presented below and will give additional indications to which filtering and corrective 

surface suits misclosures of each country best. The chi-GOF test and test of variance will 

also provide more basis for this analysis. 
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Table 4.7. The standard value of (t-value) estimated parameters calculated from Table 4.7. 

Region No filtering Filtering with 95% confidence interval Filtering with 99.7% confidence 
interval 

4 5 7 4 5 7 4 5 7 

S
w

ed
en

 

   7.8042    2.4988   -0.2906    5.7222 1.6996 -3.0560 7.3781    2.2921   -1.2274 

  -8.1859   -1.0437   -3.0213   -5.9264   -0.9919   -4.8387   -7.7442   -1.1011   -3.4870 

  -8.2632   -1.7550   -1.2674   -6.0110   -1.5227   -3.8083   -7.6515   -1.7357   -2.0918 

  -7.5115   -1.1156    0.4457   -5.4909   -0.6371    3.2151   -7.0944   -0.9654    1.3699 

    0.7039    3.2343     0.3245    4.6896     0.5716    3.5192 

     1.5990      3.9570      2.3391 

     0.9785      3.6213      1.8551 

D
en

m
ar

k
 

  -6.7438   -6.2453   -1.3205 -6.5838   -6.4575   -1.4712 -6.7380   -6.3720 -1.3666 

   6.9390    3.4510   -1.8351    6.7766    2.6910   -2.1807    6.9323    3.2658   -1.9184 

   3.7567    1.4148   -1.3021    3.7794    0.8613   -1.4164    3.7589    1.2445   -1.3398 

   6.7275    2.9153    1.3424    6.5670    3.3978    1.4726    6.7221    3.1220    1.3840 

   -1.4673    1.8337    -2.0544    2.1623    -1.6859    1.9132 

     1.2991      1.3980      1.3334 

     1.2976      1.4289      1.3391 

N
o

rw
ay

 

  -1.6173   -2.5840   -5.4335 -1.9726 -4.1905   -5.3001   -2.04696   -3.0131   -5.2428 

  -0.1883   -2.1983    4.6887    0.3860   -3.4355    2.2192    0.29016   -2.3421    3.9081 

  -5.0293   -5.2702   -4.3155   -4.8489   -6.2238   -4.3529   -4.67080   -5.2454   -4.2117 

   2.4018    2.4662    5.0856    2.7233    4.0528    5.0609    2.82515    2.8489    4.9411 

   -2.3266   -5.2035    -3.9029   -2.7724    -2.6873   -4.4223 

     3.9040      4.0114      3.8345 

     4.6978      4.6588      4.5581 

F
in

la
n

d
 

-3.4636 -2.4163    4.2145 -3.0100  -2.18458  4.3613 -3.4636 -2.4163    4.2145 

   3.6530   -1.0278    4.1686    3.1675   -0.95731    4.3093    3.6530   -1.0278    4.1686 

   2.6167   -1.3050    4.7270    2.3292   -1.19963    4.8317    2.6167   -1.3050    4.7270 

   3.4980    2.0371   -4.3214    3.0460    1.85356   -4.4623    3.4980    2.0371   -4.3214 

   -1.8761   -4.3168    -1.71154   -4.4490    -1.8761   -4.3168 

    -4.7693     -4.8623     -4.7693 

    -4.6595     -4.7746     -4.6595 

 

If the t-value is within the interval of ±1.96 it is insignificant with the probability of 95%, 

otherwise the corresponding parameter is significantly different from zero. These values have 

been highlighted in Table 4.7. The table can show whether filtering changes the significance 

of the t-values. 

Filtering the t-values of the 5-parameter fitting of Sweden makes the t-values less significant. 

With filtering with a 95% CI, there are no significant t-values in the 5-parameter fitting. 

Meanwhile, the number of significant t-values in the 7-parameter fitting increases as the 

misclosures are filtered. This means that the filtering affects the significance of the t-values. 



A study on the quality of the NKG2015 geoid model over the Nordic countries 

31 
 

Compared to the other countries, filtering seems to have the biggest impact on the t-values 

for the data from Sweden. The same pattern can also be observed in Table 4.7 where filtering 

had a greater impact on the parameters of Sweden and their errors compared to other 

countries.  

Filtering does not significantly change the t-values of Denmark with a 99.7% CI, however, 

there are some values which become significant after 95% interval filtering. These changes 

are seen in the 5- and 7-parameter fittings while all the t-values of the 4-parameter fitting are 

significant both before and after filtering. In fact, the filtering has a very small effect on the 

t-values of the 4-parameter fitting compared to the 5- and 7-parameter fittings of Denmark.  

The parameters of the corrective surfaces in Norway and their errors do not considerably 

change with filtering according to Table 4.7. Neither does the t-value of Norway in Table 

4.7. The only significant t-value is that of the first parameter in the 4-parameter model. The 

value becomes significant after filtering with 99.7% CI. The best fit to the misclosures of 

Norway is obtained when the 7-parameter corrective surface is applied for modelling the 

trends of filtered misclosures with the CI of 95%. 

The t-values of the estimated parameters of all corrective surface models in Finland do not 

significantly change with filtering of misclosures. Only two values, which are both from the 

5-parameter fitting, change with the filtering. One of those t-values becomes significant after 

filtering with a 95% interval and the other becomes insignificant as they cross the boundaries 

±1.96 of the interval. 

4.4 Tests of the residuals after least-squares detrending 

The results of the tests performed on the residuals after the least-squares detrending are 

presented in this section. They can be compared to the results of the testing made before the 

detrending for analysing the effect of the least-squares detrending on the misclosures. 

4.4.1 Skewness and kurtosis test of the residuals 

The skewness and kurtosis tests of the residuals after detrending can provide information 

about their normality in the determining the best fit for each country. When the residuals are 

normally distributed, therefore, probably the detrending has been successful and that the 

applied corrective surface model can be used for removing the trend of the misclosures. 
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Table 4.8. Skewness and kurtosis of the residuals before filtering after detrending by 4-, 5-, and 7-
parameter corrective surface fittings. 

Region Filter NOP Skewness Skewness 
error 

Kurtosis Kurtosis 
error 

Skewness/error Kurtosis/Error 

S
w

ed
en

 4 197 -0.6961 0.1745 3+2.5402 0.3490 -3.9886 7.2778 

5 197 -0.6890 0.1745 3+2.6123 0.3490 -3.9482 7.4842 

7 197 -0.2137 0.1745 3+1.6501 0.3490 -1.2247 4.7276 

D
en

m
ar

k
 4 675 0.0729 0.0943 3+0.3750 0.1886 0.7738 1.9886 

5 675 0.0713 0.0943 3+0.3658 0.1886 0.7564 1.9400 

7 675 0.0841 0.0943 3+0.6171 0.1886 0.8920 3.2728 

N
o

rw
ay

 4 902 0.4163 0.0816 3+1.0349 0.1631 5.1043 6.3445 

5 902 0.4230 0.0816 3+1.0419 0.1631 5.1866 6.3873 

7 902 0.3739 0.0816 3+1.0692 0.1631 4.5841 6.5549 

F
in

la
n

d
 4 50 -0.5689 0.3464 3+0.1389 0.6928 -1.6423 0.2006 

5 50 -0.5280 0.3464 3+0.1949 0.6928 -1.5241 0.2813 

7 50 -0.3030 0.3464 3-0.5189 0.6928 -0.8746 -0.7490 

Table 4.9. Skewness and kurtosis of the residuals after a 95% confidence interval filtering after detrending 
with 4-, 5-, and 7-parameter corrective surface fittings. 

Region Filter NOP Skewness Skewness 
error 

Kurtosis Kurtosis 
error 

Skewness/error Kurtosis/Error 

S
w

ed
en

 4 183 -0.3846 0.1811 3+1.3074 0.3621 -2.1239 3.6102 

5 183 -0.3857 0.1811 3+1.3639 0.3621 -2.1302 3.7663 

7 183 -0.0787 0.1811 3+1.5690 0.3621 -0.43487 4.3325 

D
en

m
ar

k
 4 647 0.0513 0.0963 3+0.3821 0.1926 0.5325 1.9839 

5 647 0.0798 0.0963 3+0.3783 0.1926 0.8290 1.9643 

7 647 0.1361 0.0963 3+0.6086 0.1926 1.4137 3.1599 

N
o

rw
ay

 4 858 0.2690 0.0836 3+0.2209 0.1673 3.2162 1.3207 

5 858 0.2501 0.0836 3+0.1735 0.1673 2.9905 1.0372 

7 858 0.2415 0.0836 3+0.1838 0.1673 2.8875 1.0988 

F
in

la
n

d
 4 48 -0.7117 0.3536 3+0.3948 0.7071 -2.0130 0.5583 

5 48 -0.6810 0.3536 3+0.4549 0.7071 -1.9261 0.6434 

7 48 -0.4200 0.3536 3-0.2548 0.7071 -1.1880 -0.3603 

 



A study on the quality of the NKG2015 geoid model over the Nordic countries 

33 
 

Table 4.10. Skewness and kurtosis of the residuals after a 99,7% confidence interval filtering after 
detrending with 4-, 5-, and 7-parameter corrective surface fittings. 

Region Filter NOP Skewness Skewness 
error 

Kurtosis Kurtosis 
error 

Skewness/error Kurtosis/Error 

S
w

ed
en

 4 195 -0.4793 0.1745 3+1.9909 0.3508 -2.7323 5.6749 

5 195 -0.48074 0.1745 3+2.0739 0.3508 -2.7407 5.9115 

7 195 -0.0996 0.1745 3+1.4767 0.3508 -0.5676 4.2092 

D
en

m
ar

k
 4 674 0.0762 0.0943 3+0.3772 0.1887 0.8079 1.9990 

5 674 0.0772 0.0943 3+0.3626 0.1887 0.8186 1.9217 

7 674 0.0996 0.0943 3+0.6092 0.1887 1.0554 3.2283 

N
o

rw
ay

 4 893 0.2171 0.0820 3+0.4622 0.1639 2.6488 2.8194 

5 893 0.2160 0.0820 3+0.4461 0.1639 2.6355 2.7212 

7 893 0.1891 0.0820 3+0.4764 0.1639 2.3068 2.9059 

F
in

la
n

d
 

4 50 -0.5689 0.3464 3+0.1389 0.6928 -1.6423 0.2006 

5 50 -0.5280 0.3464 3+0.1949 0.6928 -1.5241 0.2813 

7 50 -0.3030 0.3464 3-0.5189 0.6928 -0.8746 -0.7490 

 

Skewness 

The skewness value of the residuals in Sweden decreases by filtering for all corrective surfaces 

and has the lowest values after filtering the misclosures by the 95% CI. The error of skewness 

decreases with filtering for all countries since it is depending on the sample size, which 

naturally decreases as the misclosures are filtered out. The same pattern can be observed in 

the skewness test statistic of Sweden which decreases as the CI of the filter becomes 

narrower. The test statistic of the 7-parameter fitting in Sweden is the only one within the 

±2 limit and is within this interval both before and after filtering. However, the test statistics 

of the 4- and 5- parameter fittings after filtering with 95% interval are quite close to passing.  

The misclosures in Denmark generally have their lowest skewness values after a 99.7% 

filtering although the difference is not very large. The skewness statistic value is within ±2 in 

all cases of filtering and all corrective surfaces. This indicates that the skewness is good 

enough before filtering, rendering filtering possibly unnecessary.  

The filtering of the misclosures in Norway has mixed results concerning the skewness value. 

The 4-parameter fitting of Norway entails a decrease of the skewness value as the misclosures 

are filtered with a narrower interval while the 5- and 7-parameters fitted data has the lowest 

skewness value after 99.7% filtering. The skewness value is generally lower in the 7-parameter 

fitting in Norway than it is for the 4- and 5- parameter fittings. The same can be concluded 
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for the skewness test statistic of Norway, the lowest values are found with the 7-parameter 

fitting of the misclosures.  

Filtering of the data from Finland increases the skewness value, filtering has the same effect 

on the test statistic of Finland. The lowest numbers are found before filtering, indicating that 

filtering the data from Finland does not have the desired effect one might expect. 

When comparing the unfiltered data before detrending with the data after detrending, the 

skewness value becomes greater for all countries except Norway. This means that detrending 

decreases the skewness of the distribution curve of Norway while it increases the skewness 

for the other countries.  

 

Kurtosis 

The excess kurtosis is generally positive for all countries after detrending, meaning the 

kurtosis value is greater than 3. The only exception is that of the 7-parameter fitting of the 

data from Finland which has a negative deviance from the number 3 in all cases of filtering. 

Both the excess kurtosis and the test statistic of kurtosis for Sweden decreases in all cases of 

fittings when the misclosures are filtered, indicating that filtering the data of Sweden entails 

a better fitting to the normal distribution. In the case of Denmark, filtering does not seem to 

have a noticeable effect on either the excess kurtosis or the kurtosis tests statistic. The 4- and 

5-parameter surface fittings in Denmark generally have lower values concerning the excess 

kurtosis and the kurtosis test statistic. A similar occurrence can be seen in Finland, although 

the filtering in Finland has a slightly more noticeable effect comparing to Denmark. The 

kurtosis test statistic increases by filtering. Both cases indicate that filtering does not improve 

the kurtosis in either Denmark or Finland. The lowest excess kurtosis in Finland is generally 

found in the 4 and 7- parameter surface fittings.  

Filtering in Norway has a noticeable effect on the excess kurtosis, which highly decreases 

after filtering by 99.7% interval. This indicates that a few points in the data set had a large 

effect on the kurtosis, removing these decreased the excess kurtosis. Relative to the other 

countries, the residuals in Norway have a large kurtosis statistic value before filtering. The 

lowest kurtosis test statistic is found after filtering the misclosures by a 95% CI.  

Detrending of misclosures decreased the kurtosis values of the residuals for Denmark and 

Finland while it increased for Sweden and Norway. The same is true for the kurtosis test 

statistic value of these countries. The result of the kurtosis test is improved after detrending 

for Finland but worsened for the other countries. This means that only the data of Finland 

is closer to a normal distribution peak after detrending. 
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4.4.2 Chi-square goodness-of-fit test of residuals 

The chi-GOF test of the residuals indicate whether they are normally distributed or not. The 

values can also show if the dataset is close to passing or if it is far from passing the test. 

 

Table 4.11. The chi-square goodness-of-fit test of residuals 

Region P Before filtering Filtering 95% confidence 
interval 

Filtering 99.7% confidence 
interval 

y χ2 Test Y χ2 Test y χ2 Test 

Sweden 

4 3.49562 2.79552 F 1.85222 2.79552 P 3.34942 2.79552 F 

5 3.46592 2.79552 F 1.55452 2.79552 P 3.50512 2.79552  F 

7 3.46592 2.79552 F 2.03912 2.79552 P 3.25532 3.08022 F 

Denmark 

4 2.28032 3.32722 P 1.43842 3.32722 P 2.32992 3.32722 P 

5 2.27762 3.32722 P 1.24192 3.32722 P 2.20422 3.32722 P 

7 4.71512 3.32722 F 3.81082 3.32722 F 2.86122 3.08022 P 

Norway 

4 5.61982 3.32722 F 5.18562 3.54852 F 5.81922 3.54852 F 

5 5.40742 3.08022 F 4.87412 3.54852 F 5.72132 3.54852 F 

7 5.23342 3.32722 F 3.12352 3.54852 P 5.25342 3.54852 F 

Finland 

4 2.19962 3.08022 P 1.79192 2.79552 P 2.19962 3.08022 P 

5 2.83652 3.08022 P 2.08662 2.79552 P 2.83652 3.08022 P 

7 1.71442 3.08022 P 1.68092 3.08022 P 1.71442 3.08022 P 

 

The residuals in Sweden only passes this test if the misclosures are filtered by the 95% CI. 

This means that the detrending is successful for the filtered misclosures in this manner. The 

residuals pass the chi-GOF test both before and after filtering before detrending, but after 

detrending, they only pass the test when the misclosures are filtered by 95%. The y value of 

the unfiltered data is larger after detrending than before detrending, causing the test to fail. 

It is decreased by filtering in Table 4.11 but is still large to pass the test. After filtering by 

95% interval it is even smaller than the one by the same filtering before detrending. This 

indicates that filtering makes a greater difference on the residuals after detrending.  

The residuals in Denmark passes the chi-GOF both before and after filtering and detrending 

by the 4- and 5-parameter surface fitting while the 7-parameter fitting only passes after 

filtering by 99.7%. It is possible that the misclosures are over-filtered by the 95% CI. Filtering 

with 99.7% improves the fit, but with further filtering it becomes over-filtered and will not 

pass the test. Denmark has a flat topography which indicates that the data should already be 

relatively smooth and not need much filtering in order to be normally distributed. 



A study on the quality of the NKG2015 geoid model over the Nordic countries 

36 
 

The result indicates that the 7-parameter surface does not fit the misclosures of Denmark 

properly but the 4- and 5-parameter surfaces are better choices. Filtering of the misclosures 

generally does not have a significant effect on the result of the chi-GOF test. Therefore, 

filtering might not be necessary.  

The test results for Norway reveals that the test is only passed for the 7-parameter fitting 

after filtering with the 95% CI. All the other parameter fittings fail both before and after 

filtering. Consequently, the 7-parameter corrective surface fits best the filtered misclosures 

by 95% CI.  

The residuals after detrending by all corrective surface models in Finland pass the chi-GOF 

before and after filtering, therefore, filtering has not very significant effect on the normality 

of the residuals. No filtering might not be needed for misclosures in Finland so as in 

Denmark.  

4.4.3 The best fitting and filtering for each country 

The results of the t-values, skewness, kurtosis and chi-square GOF tests in Sweden suggest 

filtering of the misclosures. Specifically, the best result seems to be achieved after filtering 

with 95% CI as the chi-GOF test of residuals is only passed after this filtering. Both the 

skewness and kurtosis tests indicate that filtering with the 95% CI is the best choice as their 

significances decrease by the filtering. The skewness of Sweden after detrending with the 4-

parameter corrective surface is close to passing. With the consideration of the results of 

these tests, the 4-parameter corrective surface has been chosen as the best fit for Sweden.  

Filtering of the misclosures does not have a noteworthy impact in the tests performed in 

Denmark. The unfiltered misclosures have been chosen as the result does not change even 

with the filtered ones. All parameters of the 4-parameter surface fitting are significant both 

before and after filtering. The chi-GOF test is passed for the 4- and 5-parameter surfaces, 

but the insignificant kurtosis is found when the 4-parameter surface is used for detrending. 

The unfiltered misclosures and the 4-parameter corrective surface are therefore chosen for 

estimation of the NKG2015 geoid model in Denmark.  

In the case of applying the filtered misclosures by a 95% CI, and detrending them with 

the7-parameter corrective surface the estimated parameters come out significant in 

Norway. In this case the closest values of skewness and kurtosis to those of corresponding 

normal distribution are achieved. The chi-GOF test is passed in this case and confirms that 

the 7-parameter surface the best choice for estimating the error of the NKG2015 geoid 

model. 

There is generally not a significant change in any of the tests when the filtered misclosures 

of Finland are considered. The significant parameters are obtained when the 4-parameter 

corrective surface is applied for detrending in Finland before and after filtering so as the 7-

parameter model. The 4- and 7-parameter fittings also contains the lowest skewness and 

kurtosis values. As Finland has a relatively flat topography it is reasonable to assume that the 
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4-parameter fitting of Finland would be a good choice. Unfiltered misclosures and the 4-

parameter corrective surface for estimating the error of NKG2015 geoid model in Finland 

seems to be the best choice.  

4.4.4 Confidence intervals for the errors of the geoid 

The misclosures between the geoid heights from the GNSS/levelling data and the NKG2015 

geoid model are also dependent on the errors. The estimated errors for the GNSS/levelling 

heights and, some rough estimates of the geoid height errors are given by one of the 

developers of the NKG2015 geoid model9. These estimates are only valid over the land areas 

and not the sea as the error varies more at sea. The estimated intervals of the errors of the 

geoid presented in Table 4.12 are based on the assumption that the given errors of the 

GNSS/levelling heights are correct. The highlighted cells are those parameter fittings that 

did not pass the chi- GOF test from Table 4.11. The estimated intervals are compared to the 

estimated errors of the geoid to analyse whether the given geoid errors are within the 

intervals. The lower and upper limits of the Cis have been estimated with Eq. (3.23) and Eq. 

(3.24) in the Theory section. 

 

Table 4.12. Confidence intervals based on the confidence of 95% for the error of the NKG2015 geoid 
model. 

Region 

P 
Before filtering 

Filtering 95% confidence 
interval 

Filtering 99.7% 
confidence interval 

NOP 
Lower 
(mm) 

Upper 
(mm) 

NOP 
Lower 
(mm) 

Upper 
(mm) 

NOP 
Lower 
(mm) 

Upper 
(mm) 

Given errors 
(mm) 

S
w

e
d

e
n

 

4 197 5.3 11.4 183 0 6.5 195 3.1 10.1 

10 5 197 5.4 11.5 183 0 6.6 195 3.1 10.2 

7 197 4.4 10.8 183 0 4.6 195 1.7 9.4 

D
e
n

m
a
rk

 4 675 1.8 5.2 647 0.3 3.9 674 1.7 5.2 

10 5 675 1.8 5.2 647 0.2 3.8 674 1.7 5.1 

7 675 1.2 4.9 647 0.1 3.0 674 1.0 4.7 

N
o

rw
a
y
 

4 902 20.2 23.2 858 15.6 18.5 893 18.6 21.4 

22 5 902 20.1 23.1 858 15.4 18.2 893 18.6 21.3 

7 902 19.3 22.2 858 14.8 17.7 893 17.7 20.6 

F
in

la
n

d
 4 50 0 0 48 0 0 50 0 0 

12 5 50 0 0 48 0 0 50 0 0 

7 50 0 0 48 0 0 50 0 0 

 

                                                 
9 Ågren, Jonas, Docent at the Royal Institute of Technology, Stockholm, 02-05-2019. 
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The highlighted cells show that the a priori given error estimates for the geoid heights fall in 

the estimated CI. The numbers in bold are the cases in which the given geoid errors are 

within. The given geoid error for Sweden is within the error interval before filtering and after 

filtering with 99.7% CI. The only exception is the 7-parameter fitting after 99.7% filtering, 

which has an error interval below the estimated geoid error. The given error of Sweden is 

outside the interval of all parameter fittings after filtering with the 95% CI. Filtering moves 

the interval further from the given error because it is lowering the interval of the geoid error. 

The intervals of the geoid error are based on the assumption that the given errors of the 

GNSS/levelling heights are correct, which may not be in agreement with the misclosures e.g. 

in Sweden and if a lower error of measurements was considered instead, the CI for the geoid 

error would be higher. This could lead to more of the given errors being within the estimated 

interval. Another possibility is that the estimated given geoid error is slightly large. 

Considering the best filtering and best parameter fitting for each country, the estimated CI 

of the geoid error of Sweden is 0-6.5mm in Sweden, 1.8-5.2mm in Denmark, 14.8-17.7mm 

in Norway and 0-0mm in Finland.  

The estimated geoid error in Denmark is outside all the intervals with all parameter fittings 

and versions of filtering, the same result can be seen for Finland where the intervals are very 

small and contain small numbers. This indicates that the given errors of the GNSS/levelling 

heights in Finland are not in agreement with the misclosures.  

4.4.5 Graphical Relation between the errors of the GNSS/levelling 

heights and the errors of the geoid model 

As seen in Table 4.12, when the provided estimated error for the GNSS/levelling geoid 

height are trusted, unrealistic values for the error of the NKG2015 geoid height may be 

obtained. For example, the error of the geoid heights comes out zero in Finland. This is 

because of the large estimates for the error of the GNSS/levelling geoid height. However, 

the size of the misclosures in Finland are smaller than the claimed error for the 

GNSS/levelling heights. In order to give a general idea about the error of the NKG2015 

geoid model, the CIs for it is determined by varying the errors of the GNSS/levelling heights 

from 1 mm to 25 mm and graphically present the CIs. In Figures 4.5-4.8 the graphical 

relations between the error of the GNSS/levelling heights height and the error of the 

NKG2015 geoid model for each country are plotted.  Having selected the best corrective 

surface for detrending of misclosures in each country, and applying the method presented in 

Section 3.5, we plot the CIs.  

These plots of the relationship between the error of the GNSS/levelling data and the error 

of the NKG2015 geoid model can give indications to whether the errors agree with the 

misclosures in Sweden. Figure 4.5 shows that a GNSS/levelling height error of 13.6 mm and 

a geoid error of 10 mm has a relation to the misclosures that is close to the upper limit. When 

the error of the GNSS/levelling heights becomes larger than 13.6 mm, then the error of the 

geoid model will come out zero, which is not logical.  
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It is visible that the plot of Denmark in Figure 4.6 has a slimmer interval between the lower 

and upper limit. Both the a priori errors of the GNSS/levelling and the geoid heights are 10 

mm. This value is outside of the upper limit, which means that either the error of the geoid 

is smaller than the estimated value or the GNSS/levelling error is smaller than its estimated 

value. The plot indicates that both a priori errors in Denmark are a bit too large and they 

both contribute to the result. The plot says, for example, if the error of the GNSS/levelling 

heights is 10 mm, the error of the NKG2015 geoid model is between 2 mm and 6 mm with 

a CI of 95%. 

 

 

 

Figure 4.5. The graphical relation between the Cis of error of the NKG2015 geoid model, based on 
different values of error for the GNSS/levelling heights in Sweden, and filtered misclosures with the CI 
95% and detrending by the 4-parameter corrective surface. 
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The CIs of the error of the NKG2015 geoid model in Norway is presented in Figure 4.7. 

However, the interval stretches further towards a greater value of the GNSS/levelling error. 

This is reasonable as the topography of Norway is rough. The plot of Norway reveals a 

GNSS/levelling height error of 15 mm and a geoid error of 22 mm it is outside the upper 

limit if the interval. However, it is relatively close to the upper limit, which indicates that the 

estimated errors are somewhat reasonable. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.6. The graphical relation between the CIS of error of the NKG2015 geoid model, based on 
different values of error for the GNSS/levelling heights in Denmark, and unfiltered misclosures and 
detrending by the 4-parameter corrective surface. 

Figure 4.7. The graphical relation between the Cis of error of the NKG2015 geoid model, based on 
different values of error for the GNSS/levelling heights in Norway, and filtered misclosures with the CI 
95% and detrending by the 7-parameter corrective surface. 
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The CI of the error of the NKG2015 geoid model in Finland in is presented in Figure 4.8. 

The CI is larger than those in the rest of countries. The given GNSS/levelling height error 

was 25 mm, while the estimated geoid error 12 mm. However, this does not make sense as 

the geoid height error would be 0 if the given error of GNSS/levelling data is assumed to be 

correct, just as it was shown in Table 4.12. In this case, the estimated error of the 

GNSS/levelling data is too large. Finland is rather a flat region, which logically indicates that 

the error of the GNSS/levelling data should be relatively small. The misclosures of Finland 

are also small, which is a further indication that the GNSS/levelling error given with the data 

set is larger than it should be. 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

Figure 4.8. The graphical relation between the Cis of the error of the NKG2015 geoid model, based on 
different values of error for the GNSS/levelling heights in Finland, and unfiltered misclosures and 
detrending by the 4-parameter corrective surface. 
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5 Conclusions 

The misclosures before detrending are not far from being normally distributed. The results 

of the skewness and kurtosis test show that all the countries are within the acceptable range 

of being normally distributed before filtering. The only exception is Norway, in which the 

misclosures are somewhat more skewed than the acceptable range allows. The chi-square 

goodness-of-fit test is only passed for Sweden and Finland before detrending. Conclusively, 

the misclosures from Sweden and Finland are normally distributed before detrending while 

Norway and Denmark are close to be normally distributed. 

In the histograms of the misclosures before detrending it is visible that filtering removes 

outliers. The result of the tests performed before and after detrending shows that filtering 

generally has a smaller impact on the data after detrending it. It also reveals that the 

misclosures are generally closer to fit the normal distribution after detrending, except for 

Sweden. In the process of detrending, the misclosures of Sweden become less normally 

distributed. 

A 4-parameter fitting with 95% filtering is the best fit of Sweden, this conclusion was highly 

dependent on the result of the chi-GOF test after detrending, where only the data filtered 

with 95% CI passed. It was not necessary to filter the data of Denmark as it already has a 

good fit to the normal distribution, the 4-parameter corrective surface is concluded to be the 

best fit for Denmark. The same conclusion can be made for Finland where the 4-parameter 

corrective surface is also the best fit, and the data does not need to be filtered. Meanwhile, a 

7-parameter corrective surface and 95% filtering is necessary for Norway to get the best fit 

to the normal distribution. The main conclusion of this is that countries with flat topography 

generally need less parameters in the corrective surface when the trends are smoothed. These 

countries generally also require less filtering as the flat topography implicate a smaller risk of 

gross errors in the misclosures between the GNSS/levelling heights and the geoid heights. 

When the topography is rougher, like in the case of Norway, there is a higher risk of errors 

when computing the heights of the geoid model.  

Table 4.12 of the estimated CI of the NKG2015 geoid error assumes that the given errors 

of the GNSS/levelling data are correct. Considering the best filtering and best parameter 

fitting for each country, the estimated CI of the geoid error of Sweden is 0-6.5mm in Sweden, 

1.8-5.2mm in Denmark, 14.8-17.7mm in Norway and 0-0mm in Finland. From the results, 

it can be concluded that the given errors of GNSS/levelling data and the given errors of the 

geoid are in relatively good agreement for Sweden and Norway. The given GNSS/levelling 

error and the error from the geoid model in Denmark are not in as good agreement as the 

errors of Sweden and Norway. Filtering results in less of an agreement between these errors 

as the limits of the intervals are lowered, straying further away from the value of the given 

geoid error in all countries. The interval of the NKG2015 geoid model error for Finland 

results in 0 in all cases of filtering. If one does not want to assume that the given errors of 

the NKG2015 model are correct, it is possible to make a visual estimation of which error 
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that causes the results in Table 4.12. Figure 1.8 reveals that the GNSS/levelling error of 

Finland is unreasonably large. 
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